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ABSTRACT 


Error  control  systems  for  multi-access  communication  channels 
are  Investigated.  Error  detection  and  retransmission  techniques, 
also  referred  to  as  Automatic  Request-Repeat  (ARQ)  schemes,  are 
integrated  with  basic  channel  access-control  disciplines.  The  channel 
access  disciplines  coordinate  the  transmissions  by  the  distributed 
stations  of  the  communication  network  to  avoid  simultaneous  trans¬ 
missions  over  the  shared  channel.  ARQ  systems  provide  the  necessary 
error  recovery  procedures  to  insure  data  transmission  integrity. 

ARQ  error  control  systems  are  applied  to  a  multi-access  broad¬ 
cast  channel  governed  by  a  Time  Division  Multiple  Access  (TDMA)  and 
a  Group  Random  Access  (GRA)  channel  access-control  disciplines,  a 
fixed  scheduling  discipline  and  a  random  access  discipline,  re¬ 
spectively.  The  TDMA  channel  is  examined  under  Sel ect-and-Repeat , 
Block,  and  Stop-and-Wait  ARQ  schemes.  The  GRA  channel  is 


investigated  under  acknowledgment  schemes  which  either  schedule 
acknowledgment  transmissions  or  transmit  acknowledgments  on  a  random 
access  basis.  Performance  indices  such  as  channel  throughput  and 
message  delay  are  analyzed  through  a  queueing  theoretic  approach  for 
network  stations  modeled  as  independent  sources  which  generate  messages 
according  to  a  renewal  process.  A  stationary  transmission  error  pro- 

K 

cess  model  is  developed  to  evaluate  the  operation  of  the  channel  under 
random  noise  errors.  ^ 
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CHAPTER  I 


INTRODUCTION 

Studios  concerning  the  communication  over  a  multi-access  broad¬ 
cast  channel  normally  address  the  cliannel  accessing  problem.  Proto¬ 
cols  (channel  access-control  disciplines)  are  synthesized  ad  hoc  to 
control  the  self-inflicted  noise  generated  in  a  multi-user  environment. 
Control  of  random  noise  errors  has  been  a  secondary  consideration  to 
the  multi-accessing  problejn.  Usually  error  control  procedures  for 
random  noise  arc  neglected  in  the  perfornvince  anlaysis.  Error  control 
procedures  arc  normally  evaluated  for  single-access,  dedicated  com¬ 
munication  channels.  In  this  dissertation,  error  detection  and  retrans¬ 
mission  systems  for  error  control  are  applied  to  the  multi-access 
broadcast  channel.  Channel  access-control  disciplines  under  several 
error  control  systems  are  evaluated,  and  the  operation  in  a  random 
noise  environment  is  examined. 

I . 1  Problem  Statement 

The  multi-access  broadcast  channel  provides  the  communication 
medium  for  a  network  of  distributed  users  (stations).  The  multi¬ 
users  sliare  tlie  common  channel  (multi-access  feature).  Transmissions 
tiy  the  network  stations  are  received  by  all  the  stations  of  tlie 
communication  network  (broadcast  feature).  Examples  include  a 
satellite  communication  channel  where  a  satellite  acts  as  a  transponder. 


1 


a  radio  channel  In  a  terrestrial  radio  network,  a  coaxial  cahle  link, 
and  fiber-optics  cbannels.  The  stations  of  the  network  are  message 
sources  (and  sinks)  whlcli  generate  messages  raiulomly.  Examples 
Include  timesharing  terminals,  stock  quotation  terminals,  vocoders  and 
central  computer  facilities.  These  sources  may  generate  short  Interac¬ 
tive  type  messages  and/or  long  blocks  of  data  associated  with  file 
transfers. 

The  Intent  of  these  communication  networks  Is  to  deliver  messages 
from  the  source  to  destination  stations  rapidly  and  reliably.  Alloca¬ 
tion  of  the  available  network  resources  is  a  major  concern.  if  the  user 
environment  was  not  distributed,  the  messages  generated  at  each  station 
could  bo  "queued"  for  transmission  over  the  network  to  avoid  conflicts. 
However,  the  spatial  isolation  of  the  distributed  environment  requires 
network  resources  to  achieve  the  cooperation  necessary  for  successlul 
message  transmissions.  Requests  for  channel  c.apaclty  to  transmit 
mcssiiges  must  be  made  through  the  channel  Itself.  Hence,  the  design 
of  channel  access  protocols  which  efficiently  regulate  the  .allocation 
of  the  resources  .among  the  network  stations  is  a  primary  concern. 

Channel  access-cont  rol  d  Isc  Ipl  ines  developed  for  the  multi-access 
broadcast  channel  can  be  broadly  classified  as  random  access,  reserva¬ 
tion  or  fixed  scheduling  disciplines. 

RANDOM  ACCl’SS:  With  these  contention  schemes  newly  arriving  messages 
.at  source  stations  are  allowed  to  access  the  channel  for  transmission 
Immediately.  If  two  or  more  users  simultaneously  transmit  over  the 
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shared  channel,  collision  occurs.  Colliding  message  transmissions  are 
lost  and  these  messages  are  retransmitted  at  future  random  times. 

RF.SF.RVATION:  Fach  station  holding  messages  for  transmission  must 
request  or  reserve  time  for  its  message  transmissions.  Thus  message 
tr.ansmisslons  are  scheduled  to  avoid  the  self-inflicted  noise  (col¬ 
lisions)  experienced  under  the  random  access  disciplines.  However, 
tlie  necessary  reservations  must  be  made  through  the  channel;  and, 
hence,  they  represent  network  overhead. 

FIXFD  SCHEDHLINC;  Each  station  is  dedicated  a  fixed  portion  of  the 
available  channel  capacity.  In  essence,  separate  cluannols  are  provided 
to  each  station  by  time  and/or  frequency  sharing  the  resources. 

These  channel  access-control  d Isc Ipl Ines  are  normally  evaluated 
by  measuring  channel  throughput  (the  average  rate  of  successful 
message  transmissions  over  the  channel)  and  message  delay.  In  general, 
random  access  sc\iemes  yield  small  message  delays  at  low  new  message 
arrival  rates.  However,  as  the  traffic  rate  increases,  these  schemes 
become  unstable  yielding  excessive  del.ays  and  diminishing  throughput. 

At  high  traffic  rates  reservation  schemes  provide  improved  channel 
utilization  and  message  delay  relative  to  random  access  schemes.  Hut 
the  overhead  required  to  make  reservations  results  in  poorer  per¬ 
formance  at  low  rates.  Fixed  scheduling  schemes,  whlcli  furnish  each 
user  with  a  dedicated  channel,  yield  high  channel  utilization  indices 
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when  each  station  in  the  communication  network  emits  a  steady  flow  of 
messages.  However,  stations  with  high  peak-to-average  message  arrival 
rate  ratios  (bursty)  will  often  not  use  their  preassigned  channel 
capacity,  which  is  an  inefficient  allocation  of  the  network  resources. 
Therefore,  these  categories  of  channel  access-control  disciplines 
attempt  to  solve  the  multi-accessing  problem  by  different  approaches. 
Each,  however,  is  concerned  with  controlling  the  self-inflicted  noise 
created  by  the  multi-user  environment  (i.e.,  simultaneous  transmissions 
over  the  common  bandwidth) . 

Control  of  random  noise  errors  has  been  a  secondary  consideration 
to  the  multi-accessing  problem.  Normally,  error  control  procedures 
for  random  noise  have  been  neglected  in  the  analysis  of  communication 
networks.  Adequate  signal  energy  per  blt-to-noise  ratios  and/or 
sufficient  forward  error  correction  are  assumed  so  that  the  required 
error  rates  are  achieved.  However,  situations  arise  in  which  those 
assumptions  are  invalid.  For  example,  without  additional  error  control 
procedures,  physical  realizability  constraints  such  as  power  and 
bandwidth  requirements  may  restrict  the  system  operating  point  to 
regions  of  unacceptable  performance. 

Random  noise  errors  arc  caused,  for  example,  by  channel  imple¬ 
mentation  mechanisms  such  as  switching  transients  and  thermal  noise, 
and  by  the  operational  environment  including  both  man-made  interference 
and  natural  phenomena  (c.g.,  lightening,  solar  transients).  Errors 
are  also  caused  by  amplitude  and  delay  distortion  of  the  transmitted 
waveform  (intersymbol  interference).  Non-negllgible  distortion  can  be 
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caused,  for  example,  by  a  satellite  transponder.  Improper  channel 
access  algorithm  execution  or  channel  synchronization  problems  can 
cause  destructive  overlapping  message  transmissions. 

The  error  control  techniques  which  are  presently  in  use  employ 
either  an  error  detection  and  retransmission  scheme  or  a  forward 
error  correction  code  (FEC) .  When  a  feedback  link  is  available, 
error  detection  and  retransmission  systems  also  referred  to  as  auto¬ 
matic  request-repeat  (ARQ)  are  attractive.  Acknowledgments  are  return¬ 
ed  to  the  source  stations  over  the  feedback  link.  Positive  acknow¬ 
ledgments  (packs)  indicate  error-free  transmissions.  Negative 
acknowledgements  (NACKs)  are  returned  by  the  destination  stations  when 
transmission  errors  are  detected  and  retransmission  of  the  messages 
are  required. 

Basic  acknowledgment  strategies  Include; 

•positive  acknowledgment  schemes 
•negative  acknowledgment  schemes 
•positive-negative  acknowledgment  schemes. 

Under  positive  acknowledgment  schemes,  only  errorless  transmissions  are 
acknowledged  by  PACK  transmissions  over  the  feedback  link.  Message 
transmissions  which  are  not  acknowledged  within  a  specified  time-out 
interval  are  interpreted  as  negatively  acknowledged.  Under  negative 
acknowledgment  schemes,  errant  transmissions  are  acknowledged  by  NACK 
transmissions.  Message  transmissions  which  are  not  acknowledged 
within  the  time-out  Interval  are  interpreted  as  positively  acknowledged. 
Under  positive-negative  acknowledgment  schemes,  each  message  transmis¬ 
sion  is  acknowledged  by  either  a  PACK  or  NACK  transmission  over  the 
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feedback  link. 


Using  an  appropriate  acknowledgment  strategy,  basic  ARQ  systems 
operate  In  either  a  stop-and-walt  (SW)  or  continuous  fashion.  Under 
SW  ARQ  systems,  a  message  cannot  be  transmitted  until  the  preceding 
message  has  been  correctly  ^received  and  positively  acknowledged.  A 
NACK  results  In  the  Immediate  retranmlsslon  of  the  errant  message. 

Under  continuous  ARQ  systems,  messages  are  transmitted  continuously. 

Like  SW  ARQ  systems,  a  NACK  requires  the  errant  message  to  be  re¬ 
transmitted.  However,  since  messages  are  transmitted  continuously, 
two  basic  retransmission  policies  are  normally  associated  with 
continuous  ARQ  systems; 

•Block 

•Select-and-Repeat  (SR). 

Under  Block  ARQ  schemes,  not  only  the  negatively  acknowledged  message 
is  retransmitted,  but  all  subsequent  messages  transmitted  by  the  source 
station  are  also  retransmitted.  Under  SR  ARQ  schemes,  only  errant 
messages  are  retransmitted. 

When  a  feedback  link  is  not  available,  FEC  systems  are  applied. 
These  systems  can  reduce  the  average  error  rate  on  the  channel;  however. 
Individual  codes  are  not  effective  against  all  error  patterns  encounter¬ 
ed  with  the  multi-access  channel.  Indeed,  the  success  of  FEC  systems 
depends  on  aprlorl  knowledge  of  the  error  statistics  and  this  Informa¬ 
tion  for  many  real  channels  is  unavailable.  Hence,  networks  which 
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require  essentially  error-free  operation  (such  as  computer  communica¬ 
tion  networks)  must  Include  ARQ  techniques  In  their  control  procedures. 

In  this  dissertation  ARQ  error  control  systi^ns  are  applied  to  a 
multi-access  broadcast  channel  operating  under  the  Time  Division 
Multiple  Access  (TDHA)  and  the  Group  Random  Access  (GRA)  channel 
access-control  disciplines,  a  fixed  scheduling  discipline  and  a  random 
access  discipline,  respectively.  Appropriate  ARQ  schemes  under  suitable 
acknowledgement  mechanisms  are  Integrated  with  the  b^islc  channel 
accessing  protocols.  The  demands  on  the  network  resovirces  to  implement 
these  error  recovery  procedures  are  determined.  Performance  indices 
such  as  channel  throughput  and  message  delay  are  analyzed  through  a 
queueing  theoretic  approach  for  network  stations  modeled  as  independent 
sources  which  generate  messages  according  to  a  renewal  process.  A 
stationary  transmission  error  process  model  is  developed  to  evaluate 
the  operation  of  the  channel  under  random  noise  errors. 

1 . 2  Historical  Background 

Gver  the  past  decade  the  literature  concerning  communication  over 
the  mu  It  i-.iccess  channel  has  steadily  Increased.  Numerous  channel 
access-control  disciplines  have  been  proposeti  in  eacli  rw.lor  category. 
Delay  and  througl>put  performance  comparisons  can  be  found,  for  example, 
in  Klelnrock  [1],  Ijim  [2),  Klelnrock  [3],  and  Scliwartz  [4]. 

Kxamples  of  random  access  schemes  Include  pure  ALOHA,  slotted 
ALOHA,  Group  R.andom  Access  (GRA),  Carrier  Sense  ^hlltiple  Access  (CSMA) 
and  Tree  Algor  it  lun.  Pure  or  classical  A1.0HA  was  first  studied  by 
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Abramson  [3].  Users  are  allowed  to  access  the  channel  imnedlately 
on  message  arrivals.  Collisions  result  In  random  future  retransmis¬ 
sions.  Abramson  showed  that  the  maximum  throughput  of  pure  ALOHA  Is 
l/2e.  Roberts  [6]  showed  that  the  maximum  throughput  could  be 
Improved  to  1/e  by  partitioning  the  channel  Into  slots  of  duration 
equal  to  the  message  transmission  time.  Users  are  required  to 
synchronize  message  transmissions  with  slots.  Delay-throughput- 
stablllty  questions  of  ALOHA  systems  have  been  subsequently  addressed 
by  Metcalf  [7],  Klelnrock  and  Lam  [8],  Carlelal  and  Heilman  [9], 
Ferguson  [10],  and  Lam  and  Klelnrock  [11]. 

Variations  of  the  slotted  ALOHA  discipline  liave  developed.  The 
GRA  discipline  studied  by  Rubin  [12]  uses  only  certain  channel  time 
periods  to  allow  a  group  of  network  stations  to  transmit  their  messages 
on  a  random  access  basis.  The  CSMA  discipline  studied  by  Tobagl 
and  Klelnrock  [13,14,15]  prohibits  stations  from  transmitting  whenever 
other  stations'  message  transmissions  are  detected  ("sensed").  This 
scheme  Is  effective  for  networks  with  short  propagation  delays  (e.g., 
terrestrial  radio  channels).  The  Tree  Algorithm  scheme  developed  by 
Capetanakls  [16]  prohibits  those  stations  not  Involved  In  a  collision 
from  transmitting  until  the  conflict  is  resolved.  Conflicts  are 
resolved  through  a  probabilistic  procedure  whose  progress  can  be 
described  by  a  tree  structure. 

F.xamples  of  reservation  schemes  Include  Reservatlon-ALOHA, 

Robert's  Reservation,  Split-Channel  Reservation  Multiple  Access  (SRMA), 
and  Fixed-Reservation  Access  Control  (FRAC).  Reservatlon-ALOHA  was 
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suggested  by  Crowther,  Rettberg,  Walden,  Ornsteln,  and  Heart  [17] 
and  Its  delay-throughput  performance  was  studied  by  Lam  [18].  Message 
transmissions  are  made  on  a  random  access  basis  In  non-reserved 
slots.  If  the  most  recent  slot  experienced  collision  or  was  empty,  the 
next  slot  Is  designated  a  random  access  slot;  otherwise,  the  next  slot 
Is  reserved  for  the  source  station  which  was  successful.  The  FRAC 
scheme  studied  by  Rubin  [19]  requires  each  station  to  reserve  slots 
for  Its  message  transmissions.  Slots  are  grouped  into  alternating 
periods  of  reserved  slots  and  reservation  slots.  Reservations  are  made 
In  reservation  slots  on  a  random  access  basis  or  on  a  contentionless 
scheduled  basis.  The  FRAC  scheme  using  random  access  reservations 
Is  similar  to  the  scheme  proposed  by  Roberts  [20].  The  SRMA  scheme 
studied  by  Tobagi  and  Klelnrock  [21]  divides  the  available  bandwidth 
Into  two  subchannels.  One  subchannel  Is  used  to  transmit  reservation 
information;  the  second  subchannel  Is  used  for  message  transmissions. 

Frequency  Division  Multiple  Access  (FDMA)  and  Time  Division 
Multiple  Access  (TDMA)  are  examples  of  fixed  scheduling  disciplines. 
Under  the  FDMA  scheme  (see,  for  example,  Rubin  [22]),  the  available 
bandwidth  Is  divided  Into  separate  channels,  one  for  each  network 
station.  Under  the  TDMA  discipline  (see,  for  example,  Schmidt  [23], 

Lam  [24]  and  Rubin  [19,22]),  each  station  Is  allocated  a  periodic 
sequence  of  slots  for  message  transmissions. 

Random  access,  reservation,  and  fixed  scheduling  describe  general 
categories  of  channel  accessing  techniques.  However,  disciplines  which 
straddle  these  categories  tiave  been  proposed.  Recently  integrated 
schemes  which  dynamically  adapt  to  changing  traffic  patterns  have 
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appeared  in  the  literature.  Such  schemes,  for  example,  switch  between 
random  access  and  reservation  strategies  (see  Rubin  [25]).  In  addition, 
the  disciplines  in  these  three  basic  categories  coordinate  the  network 
stations  to  prevent  simultaneous  transmissions.  Spread  spectrum 
techniques  (see  Kochevar  [26])  which  allow  several  users  to  transmit 
simultaneously  over  a  common  bandwidth  are  available.  These  Code- 
Division  Multiple  Access  disciplines  encode  transmissions  with  a 
pseudo-random  code.  Stations  extract  messages  intended  for  them  by 
cross-correlation  techniques.  These  schemes  require  a  high  level  of 
complexity;  yet,  in  general,  yield  less  efficient  utilization  of  the 
network  resources  relative  to  other  channel  accessing  techniques. 
However,  these  disciplines  provide  inherent  anti-jam  and  cryptographic 
security. 

The  majority  of  the  research  concerning  the  multi-access  channel 
neglects  error  recovery  procedures.  Exceptions  include  the  studies 
by  Binder  and  Castonguay  [27],  Tobagi  and  Kleinrock  [28],  and  Schwartz 
and  Muntner  [29].  Binder  and  Castonguay  consider  the  degradation 
due  to  acknowledgment  error  control  traffic  on  a  two  channel  system: 
an  ALOHA  channel  from  users  to  a  central  station  and  a  queued  channel 
from  the  central  station  to  the  users.  Tobagi  and  Kleinrock  investigate 
the  effect  of  acknowledgment  traffic  on  maximum  throughput  for  the 
slotted  ALOHA  and  CSMA  access-control  disciplines.  Delay-throughput 
performance  results  for  CSMA  are  obtained  by  simulation.  Schwartz 
and  Muntner  compare  the  performance  of  FEC  and  ARQ  error  control  pro¬ 
cedures  for  a  pure  ALOHA  channel.  They  show  that  a  pure  FEC  procedure 
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yields  poorer  channel  utilization  than  an  ARQ  system.  However,  this 
study  does  not  consider  the  overhead  of  acknowledgment  traffic  or  the 
impact  on  message  delay. 

The  major  research  concerning  error  control  systems  has  been 
primarily  confined  to  single-access  (terrestrial  and  satellite)  links 
(see  Sastry  (30)).  Message  transmissions  over  these  clunnels  do  not 
require  the  conflict  resolving  protocols  necessary  in  a  distributed 
multi-user  communication  network.  Message  transmissions  over  single¬ 
access  channels  can  be  queued.  In  addition,  most  of  these  studies 
assume  messages  are  generated  on  a  regular  temporal  basis.  With  such 
message  arrival  streams,  performance  is  characterized  by  the  uncorrected 
error  rate  and  the  reduction  in  useable  bandwidth.  The  latter  index 
is  transmission  efficiency  (maximum  throughput),  the  ratio  of  the 
successful  (error-free)  information  transmission  bit  rate  to  the  maxi¬ 
mum  channel  bit  rate.  Transmission  efficiency  of  ARQ  systems  has 
been  computed,  for  example,  by  Benice  and  Frey  [31],  Burton  and  Sullivan 
[32],  Gatfield  [33],  Kaul  [34],  and  Sastry  [35].  The  effect  of  block 
size  on  transmission  efficiency  has  been  studied  by  Cacciamani  and 
Kim  [36]  and  McGruther  [37]. 

FEC  systems  have  been  evaluated,  for  example,  by  Brayer  [38]. 

He  examines  the  performance  of  4  rate  1/2  FEC  codes  on  HF,  Troposcat- 
ter  and  satellite  channels.  Hybrid  error  control  systems  which  use 
both  FEC  and  ARQ  are  expected  to  provide  higher  throughput  tlwn  pure 
ARQ  systems  and  lower  error  rates  than  pure  FEC  systems  when  the  channel 
must  contend  with  both  random  and  burst  errors  (see,  for  example. 
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Rocher  and  Pickholtz  [39],  Sastry  [40],  SasCry  and  Kanal  [41]  and 
Brayer  [42]). 

Most  error  control  procedures  have  been  studied  assuming  random 
noise  errors.  However,  on  real  communication  channels,  errors  occur 
In  bursts  or  clusters  separated  by  fairly  long  error-free  gaps. 

These  channels  are  said  to  exhibit  memory.  Characterizations  of  these 
dependent  error  processes  are  found  in  Kanal  and  Sastry  [41].  Per¬ 
formance  of  hybrid,  FEC,  and  ARQ  systems  applied  to  real  data  is 
discussed  by  Brayer  [42].  Fujlwara  and  Yamashita  [43]  investigate 
the  GO-BACK-N  ARQ  system  applied  to  the  random  error  channel  (memory¬ 
less)  and  to  a  Gilbert  channel  (see  also  Chadwick  [44]). 

For  single-access  links,  transmission  efficiency  and  uncorrected 
bit  error  rate  are  sufficient  performance  indices  when  transmitting 
large  blocks  of  data.  However,  for  interactive  applications  response 
time  is  a  critical  factor.  The  calculation  of  response  time  for 
single-access  channels  using  ARQ  systems  is  addressed  by  Reed  and 
Smetanka  [45] . 

Recently,  studies  have  appeared  which  evaluate  ARQ  systems  when 
the  superposition  of  message  arrivals  form  a  renewal  process.  These 
investigations  are  confined  to  single-access  communication  links. 
Gavish  and  Konhelm  [46]  consider  the  statistical  queueing  behavior  of 
a  station  transmitting  to  a  second  station  over  a  satellite  link. 

They  obtain  queue  size  results  using  both  analytic  and  numerical 
techniques  for  a  continuous  ARQ  system  under  a  select-and-repeat 
retransmission  policy.  These  results  are  extended  by  Konheim  [47] 
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to  continuous  ARQ  systems  under  block  and  select-and-repeat  retrans¬ 
mission  policies.  Buffer  queue  size  and  virtual  message  delay  results 
are  derived.  Towsley  and  Wolf  [48,49]  consider  SW  and  Block  ARQ 
systems.  The  generating  functions  for  the  waiting  time  distribution 
are  derived.  In  addition,  a  wide  range  of  ARQ  systems  are  examined  by 
Towsley  [50]  with  respect  to  maximum  throughput  and  average  queue 
lengths. 

The  majority  of  these  previous  results  are  derived  for  slotted 
systems.  In  these  systems  time  is  partitioned  into  equal  length 
slots.  The  beginning  of  a  message  transmission  is  synchronized  to  the 
beginning  of  a  slot.  Furthermore,  messages  are  normally  assumed  to 
be  fixed  length  packets  whose  transmission  time  is  equal  to  a  slot 
duration.  Fayollc,  Gelenbe  and  Pujolle  [51]  evaluate  the  performance 
of  the  SW  ARQ  system  over  an  unslotted  channel.  Message  arrivals  are 
governed  by  the  Poisson  process  and  message  lengths  form  a  sequence 
of  l.i.d.  random  variables  with  a  general  distribution.  They  examine 
a  positive  acknowledgment  scheme  with  random  acknowledgment  time 
delays. 

1 . 3  Outline  of  Dissertation 

The  main  results  of  this  dissertation  relate  to  error  control 
systems  for  communication  over  the  multi-access  broadcast  channel. 

This  rommiinlcat Ion  channel  serves  a  network  of  spatially  Isolated 
stations  whose  transmissions  are  coordinated  through  basic  channel 
accessing  protocols.  Automatic  Request-Repeat  error  control  procedures 
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under  suitable  acknowledgment  mechanisms  are  Integrated  with  the 
channel  access-control  disciplines. 


In  Chapter  II,  the  SW  and  Block  ARQ  systems  are  incorporated 
into  the  TDMA  control  discipline.  The  channel  and  stations  are 
characterized  in  Section  2.1.  In  Section  2.2  the  ARQ  systems  are 
described.  Packet-by-packet  and  message-by-message  acknowledgment 
mechanisms  are  introduced.  In  Section  2.3  the  concept  of  completion 
times  is  introduced  and  the  generating  function  of  the  steady  state 
message  delay  distribution  is  derived.  The  completion  times  are 
explicitly  evaluated  for  a  stationary  transmission  error  process  model 
in  Section  2.4.  Using  these  results,  numerical  examples  are  presented 
in  Section  2.5  for  the  mean  and  variance  of  delay. 

In  Chapter  III,  the  SR  ARQ  system  is  applied  to  a  TDMA  channel. 

The  channel  and  the  network  stations  are  characterized  and  the  operation 
of  the  SR  ARQ  scheme  is  described  in  Section  3.1.  The  evolution  of  the 
channel  is  described  by  a  vector  Markov  chain  in  Section  3.2.  The 
necessary  and  sufficient  conditions  for  ergodlcity  are  stated.  In 
Section  3.3  upper  and  lower  bounds  on  the  average  message  delay  at 
steady  state  are  derived,  and  numerical  examples  are  presented  in 
Section  3.4. 

In  Chapter  IV,  the  operation  of  the  GRA  cfiannel  access-control 
discipline  under  random  access  acknowledgment  protocols  is  examined. 

In  Section  4.1  the  cljannel  structure  and  the  results  for  the  basic 
GRA  discipline  are  reviewed;  and,  the  random  access  acknowledgment 
protocols  are  introduced.  The  GRA  channel  under  the  Pure-Random 
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Access  iicknowledgmcnt  scheme  is  examined  In  Section  4.2.  Under  this 
acknowledgment  scheme,  message  and  acknowledgment  traffic  contend 
on  an  equal  basis  for  transmission.  In  Section  4.3  the  GKA  channel 
under  the  Multiple  Copy-Random  Access  acknowledgment  scheme  Is  stud¬ 
ied.  Under  this  acknowledgment  scheme,  multiple.  Identical  PACKs 
are  transmitted  for  each  successful  message  transmission;  thus 
acknowledgment  traffic  Is  given  preference  over  message  traffic.  The 
GRA  cl\anncl  m\der  the  Period  Division-Random  Access  acknowledgment 
scheme  Is  studied  In  Section  4.4.  Under  this  acknowledgment  scheme, 
each  channel  access  period  Is  partitioned  Into  two  subperiods. 

Messages  and  PACKs  are  transmitted  random  access  within  separate 
subperiods.  Numerical  examples  are  presented  In  Section  4.5. 

In  Chapter  V,  the  operation  of  the  GRA  cluinnol  access-control 
discipline  Is  examined  under  two  acknowledgment  protocols  which 
schedule  PACK  transmissions.  In  Section  5.1  the  scheduled  acknowledg¬ 
ment  schemes  arc  Introduced.  The  GRA  channel  under  the  Period 
Division-Scheduled  acknowledgment  scheme  is  examined  in  Section  5.2. 
Under  this  acknowledgment  scheme,  each  channel  access  period  is 
partitioned  into  two  fixed  length  subperiods.  Messages  are  transmitted 
random  access  within  one  subperiod  and  PACKs  arc  transmitted  on  a 
scheduled  basis  within  the  second  subperiod.  In  Section  5.3  the  GRA 
channel  under  the  Dynamic  Period  Division-Scheduled  acknowledgment 
scheme  Is  studied.  Under  this  acknowledgment  scheme,  each  cliannel 
access  period  Is  partitioned  Into  two  subperiods.  However,  unlike 
the  Period  Division-Scheduled  acknowledgment  scheme,  the  subperiod 
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lengths  adapt  to  the  acknowledgment  traffic  requirement.  A  stationary 
transmission  error  process  model  is  developed  for  the  GRA  cliannel 
in  Section  5.4.  This  random  noise  channel  is  studied  under  the 
Dynamic  Period  Division-Scheduled  acknowledgment  scheme.  Numerical 
examples  are  presented  in  Section  5.5. 

A  summary,  conclusions  and  suggestions  for  future  research  are 
provided  in  Chapter  VI. 
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CHAPTER  II 


TIME  DIVISION  MULTIPLE  ACCESS  USING  STOP-AND-WAIT 
ARQ  AND  BLOCK  ARQ  SYSTEMS 

The  generating  function  of  the  steady-state  nnjssage  delay  dis¬ 
tribution  has  been  derived  for  the  fixed-assignment  synchronous  TDMA 
control  discipline  under  a  Poisson  message  arrival  stream  by  Hayes 
[52].  The  mean  delay  has  also  been  calculated  by  Lam  [24].  Rubin 
[19]  has  derived  the  generating  function  under  a  more  general  message 
arrival  characterization.  These  studies  assume  a  zero  bit  error  rate 
and  do  not  consider  the  effect  of  the  ARQ  error  recovery  procedures. 

In  this  chapter,  the  SW  and  Block  ARQ  systems  are  incorporated 
into  the  TDMA  control  discipline.  The  channel  and  stations  are 
characterized  in  Section  2.1.  In  Section  2.2  the  ARQ  systems  are 
described.  Packet-by-packet  and  message-by-message  acknowledgment 
mechanisms  are  introduced.  In  Section  2.3  the  concept  of  completion 
times  is  introduced,  the  generating  function  of  the  steady  state 
message  delay  distribution  is  derived,  and  expressions  for  the  mean 
and  variance  of  delay  are  presented.  In  Section  2.4  the  completion 
times  are  explicitly  evaluated  for  a  stationary  transmission  error 
process.  Using  these  results  numerical  examples  are  presented  in 
Section  2.5. 
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2 .  1  SyH t e m  De s iM-  l£t:  1  on 

A  tinK'  synctironlzed  channel  Is  examined.  Time  (relereiiced  witli 
respect  to  a  nuister  clock)  Ifi  divided  into  eqna  1 -lenp.tii  slot.s,  e.TcIi  I’t 
duration  t  seconds.  The  start  of  a  itK'ssage  transmission  across  llie 
channel  must  coincide  with  tlie  beginning  of  a  slot.  Time  slots  start 
at  each  time  t  =  nr,  n  »  0,  I,  2,  ...  . 

The  M  network  stations  siiare  tiie  channel  In  accord.ance  wltli  a 
TDMA  access  -  control  discipline,  Cc.>t  Igiious  slots  are  organized  into 
frantes  of  length  M  ^2  slots.  Each  station  is  assigned  a  single  (ser¬ 
vice)  slot  per  framt*.  Tlie  queueing  behavior  of  one  of  t  lie  network 
stations,  say  station  1,  is  studied.  Ilie  behavior  of  this  station 
is  characteristic  of  any  arbitrary  station. 

Mes.sages  arrive  at  t  lie  station  according  to  a  batch  stochastic 

point  process  tA^^,  n  2.  ^  K  where  A^^  denotes  tlie  numl'er  of  iik'ssage 

arrivals  duriiig  the  n-th  slot.  Message  arrivals  at  the  station  are 

recorded  only  at  the  start  of  a  slot.  E.ich  arriving  message  is  divided 

into  one  or  more  fixed-length  packets  and  stored  for  transmission  in 

a  hviffer  with  infinite  storage  capacity.  The  transmission  time  of 

the  d.ata  (InclwUnv,  botli  information  and  ovorliead  bits)  coni.iincvl  in 

a  packet  is  equal  to  the  duration  of  a  single  slot  (i).  iiie  number  ol 

packets  in  the  n-th  message  is  and  if’  assumed  to  be  a 

sequeitc.e  of  1.1. d.  random  variables  governed  in*  an  ariiiirary  diserete 

B 

distribution  wltli  a  momt'nr-generat Ing  function  B*(z)  «  Eiz  I  and 

moments  b,  *■  E{B^)  such  that  b  "  b,,  b,,  and  b,  are  finite, 
in  12  3 


18 


2.2 


Conventional  ARQ  error  control  systems  for  single-access  com¬ 
munication  links  separate  the  data  into  packets,  each  packet  being 
encoded  for  error  detection.  After  the  reception  of  a  packet,  the 
destination  station  responds  either  by  sending  a  positive  acknowledg¬ 
ment  (PACK)  if  no  errors  are  detected,  or  by  sending  a  negative 
acknowledgment  (NACK)  if  errors  are  detected  and  retransmission  of  the 
data  packet  is  required.  This  system  is  referred  to  as  a  positive- 
negative  acknowledgment  scheme.  Alternately,  positive  acknowledgment 
with  a  time-out  period  can  be  used.  The  destination  station  responds 
by  sending  a  PACK  if  no  errors  are  detected.  However,  no  ACK  is  sent 
If  errors  are  detected.  After  a  p»‘edetermined  time-out  period  during 
which  a  PACK  is  not  retur’^ed.  tne  source  station  assumes  a  NACK. 

Under  the  SW  ARQ  system  (usinv  either  positive-negative  acknow¬ 
ledgment  or  positive  acknowledgment  with  time-out),  a  data  packet 
cannot  be  fansmitted  until  the  preceding  packet  has  been  correctly 
received  and  positively  acknowledged.  A  NACK  results  in  the  immediate 
retransmission  of  the  packet.  Under  the.  Block  scheme,  data  packets 
arc  transmitted  continuously;  a  NACK  requires  the  retransmission  of 
the  packet  detected  with  errors  and  all  subsequent  packets. 

2.2.1  Acknowledgment  Mechanisms 

With  multi-packet  me.s8agc*,  the  SW  and  Block  schemes  are  further 
distinguished  by  using  either  packet<-by-packet  (PP)  or  message-by- 
roessage  (MM)  acknowledgment  procedures.  Packet-by-packet  acknowledg¬ 
ment  requires  that  each  packet  of  a  multi-packet  message  be 
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I 

i 

i 

i 

I  acknowledged  Individually.  Message-by-message  acknowledgment  allow 

I  groups  of  packets  (e.g. ,  a  message)  to  be  acknowledged  simultaneously. 

The  acknowledgment  mechanism  depends  on  the  available  acknowledg¬ 
ment  feedback  link  between  the  source  and  destination  stations.  This 
feedback  link  can  be  provided  by  piggy-backing  ACKs  on  the  tlafa 
traffic,  or  by  dedicating  a  separate  channel  to  acknowledgment  trafllc 
by  either  time  or  frequency  multiplexing  with  data  traffic.  In 
general,  different  acknowledgment  mechanisms  will  induce  distinctly 
different  response-time  characteristics.  In  addition,  the  response¬ 
time  delay  (measured  from  data  transmission  time  to  acknowledgment 
time)  can  vary  for  different  source-destination  pairs.  To  include 
these  effects  a  stochastic  model  for  the  acknowledgment  delay  is  used. 

The  acknowledgment  frame  delay  of  the  i-th  message  is  denoted 
by  K^.  It  is  measured  from  the  time  of  data  t  ransm  issl  (>n  to  tlie  time 
of  its  earliest  possible  retransmission  (if  needed).  Thus,  a  trans¬ 
mission  in  the  m-th  frame  is  acknowledged  within  the  subsequent 
frames  and,  if  necessary,  retransmission  is  made  li  the  (m  +  K^)-th 
frame.  The  sequence  (K^,  1^1}  is  assumed  to  be  an  i.i.d.  sequence 
of  random  variables  with  discrete  distribution  such  tliat  the  first 
three  moments  (k^ ,  k^,  k^)  are  finite.  Furthermore,  acknowledgment 
transmissions  are  assumed  to  be  errorless  (sufficient  coding  is  applied) 


so  that  acknowledgments  are  never  lost.  We  also  assume  tliat  time-out 
periods  are  never  exceeded  by  PACK  transmissions.  Thus  acknowledgments 
are  always  correctly  returned  within  tlie  acknowledgment  delnv  specified 


by  {K^,  1  >  1}.* 

2.2.2  Stop-and-Walt  Schemes 

Under  the  preceding  assumptions,  the  following  three  stop-and- 
walt  (SW)  schemes  are  considered. 

(1)  SW  ARQ  -  PP  ACK 

The  operation  of  the  SW  scheme  using  PP  ACK  Is  Identical  to  the 
SW  procedures  described  for  the  single-access  conanunicatlon  link. 
Specifically,  If  the  j-th  packet  of  the  1-th  message  Is  transmitted 
In  the  m-th  TDMA  frame,  then  In  the  (m  +  K^)-th  frame  either  the  j-th 
packet  Is  retransmitted  (NACK  received)  or  the  next  packet  In  the 
transmit  queue  (l.e.,  the  (j+l)-st  packet  of  the  1-th  message  or  the 
1-st  packet  of  the  (1+1) -st  message.  If  any  such  packet  exists)  Is 
transmitted  (PACK  received);  see  Figure  2.1a. 

(2)  SW  ARQ  -  MM  ACK 

Tlift  SW  scheme  using  MM  acknowledgment  requires  packets  of  a  mes¬ 
sage  to  be  transmitted  in  consecutive  TDMA  frames.  If  the  last  packet 
of  the  message  is  transmitted  In  the  m-th  frame,  then  message  trans¬ 
mission  stops  until  the  (m  +  K^)— th  frame.  By  this  frame,  the  1-th 
message  transmission,  which  ended  in  the  m-th  frame,  has  been  acknow¬ 
ledged.  A  PACK  (all  packets  received  correctly  by  the  destination 
station)  allows  the  next  message  transmission  to  begin.  A  NACK  (when 

*The  reader  is  referred  to  Appendix  A  (Section  A. A)  for  a  study  of 
positive  acknowledgment  with  time-out  In  which  PACKs  may  exceed  the 
time-out  period  and  be  interpreted  as  NACKs. 
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FRAME  SERVICE  SLOT 


one  or  more  packets  of  the  message  have  errors)  Induces  several 
possible  actions.  The  following  two  alternatives  are  considered: 


NON-SELECTIVE  (MMNS)  -  a  NACK  requires  the  retransmission  of 
the  entire  message.  A  PACK  is  returned  only  if  all  packets  in 
the  current  message  transmission  are  received  correctly.  (See 
Figure  2.1b) 

SELECTIVE  (MMS)  -  a  NACK  requires  the  retransmission  of  only 
the  packets  that  contain  errors.  If  this  pseudo-message  of 
packets  Is  subsequently  NACK'd,  the  set  of  packets  that  contain 
errors  from  this  pseudo-message  is  retransmitted.  This  cycle 
is  repeated  until  a  PACK  is  returned.  (See  Figure  2.1c) 

These  SW  schemes  allow  only  one  outstanding  unacknowledged  message- 
unit  transmission  (i.e.,  a  packet  under  PP  ACK  or  a  message  under  MM 
ACK) .  Assuming  that  messages  are  transmitted  in  the  order  of  arrival, 
the  oldest  message  in  the  transmit  queue  must  be  positively  acknow¬ 
ledged  before  the  next  message  begins  transmission.  Thus  messages  are 
removed  from  the  transmit  queue  In  the  order  of  arrival.  In  addition, 
by  using  the  PP  or  MMNS  ACK  schemes,  the  packets  of  a  message  are 
automatically  received  by  the  destination  station  in  their  proper 
sequence.  The  MMS  ACK  scheme,  however,  requires  the  destination  sta¬ 
tion  to  buffer  the  errorless  packets  until  all  the  packets  of  a  multi- 
packet  message  are  received  correctly.  Then  the  destination  station 
must  reassemble  the  packets  to  form  the  original  message. 


2.2.3  Block  Scheint»s 


Unlike  the  SW  schemes,  the  Block  schemes  do  not  require  packet 
transmissions  to  cease  while  waiting  for  acknowledgments.  Transmis¬ 
sions  are  continuous  as  long  as  packets  are  waiting  for  transmission. 
Hence,  more  than  one  unacknowledged  transmission  can  be  outstanding. 
Since  our  model  provides  for  random  message  sizes  and  random  acknow¬ 
ledgment  delay,  transmissions  can  be  acknowledged  in  an  order  which 
is  different  from  their  order  of  arri'-al.  To  simplify  the  Block  ARQ 
analysis,  the  following  assumptions  are  made  (when  Block  schemes  are 
considered) : 

(A)  At  the  Source  Station 

The  oldest  outstanding  transmission  determines  the  operation 
of  the  Block  protocol.  Thus,  its  NACK  requires  its  retrans¬ 
mission  and  the  retransmission  of  all  subsequent  packets, 
regardless  of  their  acknowledgment  status. 

(B)  At  the  Destination  Station 

The  destination  stations  acknowledge  each  transmission  regard¬ 
less  of  its  past  acknowledgment  status. 

The  first  assumption  guarantees  that  messages  are  removed  from  the 
buffer  of  the  source  station  in  their  order  of  arrival.  By  the  second 
assumption,  a  transmission  which  has  previously  been  positively  acknow¬ 
ledged  but  which  must  be  retransmitted,  due  to  an  older  negatively 
acknowledged  transmission,  is  viewed  by  the  destination  station  as  a 
new  transmission.  In  other  words,  the  past  PACK  Information  for  such  a 
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retransmitted  message  is  disregarded. 

Under  these  assumptions,  the  underlying  station  service  system  is 
modeled  as  a  single-server  queueing  system  where  customers  are  messages 
and  the  server  is  the  channel.  In  this  analogous  queueing  system  cus¬ 
tomers  are  served  on  a  first-come,  first -served  basis,  so  that  the 
message  order  of  arrival  is  identical  to  its  order  of  departure. 

Message  delays  calculated  under  these  assumptions  clearly  serve  as 
upper  bounds  for  delays  realized  by  Block  ARQ  systems  which  allow 
messages  to  be  removed  from  the  buffer  immediately  upon  the  reception 
of  a  PACK,  or  by  systems  which  retain  acknowledgment  information. 

Incorporating  these  assumptions,  the  following  three  Block  schemes 
are  considered: 

(1)  BLOCK  ARQ  -  PP  ACK 

The  operation  of  the  Block  ARQ  scheme  using  PP  ACK  is  identical 
to  the  Block  ARQ  described  for  the  single-access  link.  Packet  trans¬ 
missions  are  made  in  contiguous  service  slots  as  long  as  the  transmit 
queue  holds  packets  waiting  for  transmission.  Each  packet  transmis¬ 
sion  is  acknowledged  separately.  If  the  j-th  packet  of  the  i-th  mes¬ 
sage  is  transmitted  in  the  m-th  frame,  its  acknowledgment  is  received 
by  the  source  station  by  the  (m  +  K^)-th  frame.  A  NACK  requires  the 
retransmission  of  this  packet  in  the  (m  +  K^)-th  frame  and  the  retrans¬ 
mission  of  subsequent  packets  In  succeeding  frames.  (See  Figure  2.2a) 
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(2)  BLOCK  ARQ  -  MM  ACK 

The  Block  ARQ  protocol  using  MM  ACK  requires  continuous  packet 
transmission  in  contiguous  frames  as  long  as  the  transmit  queue  contains 
packets  waiting  for  transmission.  When  the  last  packet  of  a  message 
is  received,  the  destination  station  acknowledges  the  message.  A 
PACK  allows  the  message  to  be  removed  from  the  buffer  if  it  is  the 
oldest  message  residing  in  the  buffer.  If  this  positively  acknowledged 
message  is  not  the  oldest,  then  its  PACK  is  stored  until  either 

(a)  it  becomes  the  oldest  and  is,  thereby,  removed  from  the 
buffer,  or 

(b)  an  older  message  is  negatively  acknowledged,  in  which 
case  the  stored  PACK  is  erased  and  the  transmit-acknow- 
ledgment  sequence  for  this  message  is  renewed. 

Similar  to  the  SW  ARQ  -  MM  ACK  schemes,  a  NACK  can  result  in  several 
possible  actions.  The  message-by-message  non-selectlve  (MMNS)  scheme 
(see  Figure  2.2b)  and  the  message-by-message  selective  (MMS)  scheme 
(see  Figure  2.2c)  previously  described  for  the  SW  ARQ  are  considered. 

Thus,  three  SW  ARQ  schemes  and  three  Block  ARQ  schemes  are 
considered.  It  can  be  observed  immediately  that  (1)  when  K^  =  1,  the 
SW  and  Block  ARQ  schemes  are  equivalent,  and  (2)  when  B^  =  1,  the  PP 
and  MM  ACK  schemes  are  equivalent. 

2. 3  Message  Delay  Analysis 

Message  delay  (D„)  is  measured  (in  slots)  from  the  time  of  mes- 
sage  arrival  at  the  source  station  to  the  time  when  the  entire  message 
is  correctly  received  by  the  destination  station.  For  the  Block  ARQ 
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protocols  under  consideration,  messages  may  be  transmitted  without 

errors  more  than  once.  In  these  situations,  D  is  measured  from  the 

K 

message  time  of  arrival  to  the  time  of  the  successful  reception  of  its 
last  copy,  following  assumptions  (A)  and  (B). 

An  alternate  delay  measure  (D„)  represents  the  time  period  (meas- 
ured  in  slots)  from  the  message  time  of  arrival  at  the  source  station 
to  the  time  of  its  positive  acknowledgment  and  removal  from  the  source 
station's  buffer.  Thus,  Dg  is  equal  to  the  required  holding  time  of  a 
message  in  the  station's  buffer. 

The  difference  D„  -  D  between  the  two  delay  measures  is  clearly 
b  K 

equal  to  the  acknowledgment  delay.  The  acknowledgment  delay  is  the 

time  required  to  acknowledge  the  last  transmission  and  remove  the 

corresponding  message  from  the  transmission  buffer.  Since  is  the 

acknowledgment  frame  delay  of  the  i-th  message,  the  difference  is 

bounded  by  D  -  D  <  KM,  This  acknowledgment  delay  can  also  be 

modeled  by  an  additional  random  process  related  to  K^.  Hence,  only 

the  delay  measure  D„  is  examined. 

K 

The  generating  function  of  the  steady-state  message  delay  (D  ) 
distribution  for  each  of  the  ARQ-ACK  protocols  under  consideration  is 
derived.  The  techniques  employed  closely  follow  those  developed  by 
Rubin  [19]. 

The  delay  of  the  n-th  message  is  decomposed  into  the  sum 

D_  =  U  +  +  T„  +  R  ,  (2.1) 

R  n  n  n 
n 
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where  denotes  the  delay  of  the  message  from  its  arrival  slot  to 
the  next  service  slot,  is  the  additional  delay  until  the  (n-l)-st 
message  completes  its  last  (errorless)  transmission  and  the  n-th  mes¬ 
sage  begins  transmission,  is  the  effective  message  transmission  time 
measured  from  its  first  time  of  transmission  (following  the  last  error¬ 
less  transmission  of  the  (n-l)-st  message)  to  the  time  representing 
the  end  of  its  last  errorless  transmission,  and  R  is  the  propagation 
delay  from  source  to  destination. 

The  variable  U  is  characterized  by  the  message  arrival  sequence 
n 

{A  ,  n  >  1).  in  particular,  if  {A  )  Is  an  1.1. d.  sequence  of  random 
n  —  n 

variables,  then  lU  ,  n  >  1)  la  a  sequence  of  1.1. d.  uniform  distributed 
n  — 

random  variables,  P(U  “  1)  “  1/M  for  1-0,  1,  2,  ...,  M-1  with  mean 

n 

-j-(M-l)  and  variance  -  D  •  Assuming  {if  ,  n  I)  is  an  i.l.d. 

I  12  n 

sequence,  designate  Its  moment  generating  function  by  l'*(z)  “  E(z  ”). 

Furthermore,  the  message  arrival  process  is  assumed  to  be  des¬ 
cribed  by  the  sequence  n  ^  1}  where  expresses  the  number  of 

messages  arriving  during  the  n-th  frame.  The  sequence  n  ^  1}  Is 

assumed  to  be  a  sequence  of  i.l.d.  random  variables  with  discrete 
distribution  {P(N^^  “  J)  *  Hj,  J  =•  0,  1,  ...),  generating  function 

N*(z),  finite  first,  second  and  third  moments  (n^,  n^,  n^)  and 

,  2 
variance  o  . 

n 

Since  each  station  is  allocated  a  single  transmission  (or  service) 

slot  per  frame,  message  arrivals  can  he  characterized  as  group  arrivals. 

The  group  arrival  process  is  described  by  the  stochastic  jump  process 

{ (t  ,0  ).  a  ^  1).  The  random  variables  t  and  0  denote  the  time  of 
n  n  —  n  n 
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arrival  and  the  size,  respectively,  of  the  n-th  group.  An  arrival 
group  contains  messages  that  arrive  within  the  same  frame,  provided 
that  their  number  Is  positive. 

The  group  arrival  sequence  n  ^  1)  is  a  discrete  time  renewal 

point  process  with  Independent  and  geometric  distributed  Inter-arrival 

times,  {P(t  -  t  =■  J)  -  ^(1  -  n  ),  J  “  1,  2,  ...).  Hie  group- 

n+i  n  o  o 

size  process  ^  1}  Is  a  sequence  of  i.l.d.  random  variables, 

statistically  independent  of  n  1  1  wltl\  discrete  distribution 

{P(G  *■  j )  “  n .  (1  -  n  )  J  “  1,  2,  ...)  and  moments  g  »  E(t;S. 
n  J  o  in 

With  this  characterization  of  the  message  arrival  sequence,  the 
delay  component  can  be  expressed  as  the  sum 


W  = 
n  n 


+  W 


(G) 


(2.2) 


where  Is  the  waiting  time  of  the  group  leader,  which  is  the  first 

message  to  be  transmitted  from  among  the  messages  in  the  grou|i  to 

(G) 

which  the  n-th  message  belongs,  and  ’  Is  the  waiting  time  of  the 

n-th  message  beyond  that  of  Its  group  leader. 

The  variable  has  the  same  distribution  as  that  for  the  w.tlt- 

n 

Ing  time  of  a  customer  In  a  discrete-time  single-server  queueing  system 
with  bulk  independent  arrivals,  described  by  the  stochastic  )ump  pro¬ 
cess  {(t  ,G  ),  n  >  1)  and  service  times  {S  ,  n  >  1)  wliere 
n  n  —  n  — 


S 

n 


G 

n 

I  S 

1“1 


Ji) 

n 


(2.  1) 


The  variable 


represents  the  completion  time  of  tl>e  l-tl\  message 
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arriving  In  the  n-th  group  or,  equivalently,  it  is  the  completion 
time  of  the  l-th  arriving  message  where  i,  is  related  to  n  and  1  by 

n-1 

A  -  1  +  I  G  (2.4) 

J-1  J 

for  n  >  1,  i  ^  1.  It  is  the  time  interval  between  the  moment  when  the 

transmission  of  the  message  begins  (after  the  preceding  message  has 

finished  its  last  transmission)  and  the  first  moment  thereafter  (after 

its  last  transmission)  when  the  channel  becomes  available  to  transmit 

the  next  message,  expressed  in  frames.  Expressions  for  the  completion 

tiroes  of  six  ARQ-ACK  protocols  are  presented  in  Table  2.1.  The  process 

n^l,  1^1}  is  assumed  to  form  an  i.i.d.  sequence,  with  steady- 

state  generating  function  denoted  by  s*(z),  finite  first,  second  and 

2 

third  moments  (s. ,  s  ,  s  )  and  variance  o  . 

X  ^  .3  S 

Results  for  such  single-server  queueing  systems  are  well-known 
(see  Rubin  [19],  Meisllng  [53]).  The  traffic  intensity  parameter  p 
is  equal  to 


P  -  •  (2.5) 

For  p  ^  1,  the  queue  size  and  the  waiting  time  become  arbitrarily 
large.  For  p  <  1,  the  limiting  waiting  time  distribution  exists  and 
its  generating  function 

„(L) 

W*(z)  -  E(2  "  ) 

is  presented  in  the  following  lemma. 
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Lemma  2.1 


w*(z)  .  a-r-£)  11  -  A 

N*(8*(z”))  -  z“ 


Izl  <  1 

p  <  1 


(2.6) 


Proof 

See  Appendix  A. 

The  limiting  distribution  of  has  been  previously  considered 
by  Rubin  [19],  Towsley  and  Wolf  [49],  and  Cohen  [54].  This  distribution 
always  exists  and  its  generating  function  is  given  in  Lemma  2.2. 

Lemma  2.2 


nj^[l  -  8*(2^)] 


|z|  <  1 


(2.7) 


Proof 

See  Appendix  A. 


The  effective  tranmlsslon  time  of  the  n-th  message  Is  expressed 
in  terms  of  its  completion  time  and  acknowledgment  frame  delay: 


T 

n 


(S^^^  -  K  )M  +  1 
m  n 

(sf^^  -  DM  +  1 

IB 


for  SW  ARQ 


(2.8) 


for  Block  ARQ. 
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The  quantities  (S^  ^  -  K  )M  and  -  1)M  represent  the  number  of 

Hi  n  m 

slots  between  the  n-th  message's  first  and  last  packet  transmissions 
for  the  SW  and  Block  ARQ  schemes,  respectively.  An  additional  slot 
is  added  to  account  for  the  last  packet  transmission.  Tlie  generating 
function  of  T  is  denoted  by  T*(z). 

Thus  the  results  for  the  message  delay  given  by  (2.1)  are 
summarized  in  Theorem  2.1. 


Theorem  2 . 1 

The  generating  function  of  the  limiting  message  delay  under  a 
TDMA  control  discipline,  which  uses  the  SW  ARQ  or  the  Block  ARQ  error 
recovery  procedures,  is  given  by 

D*(z)  =  U*(z)  W*(z)  W*(z)  T*(z)  z*^  ,  for  p  <  1  .  (2.*?) 


The  corresponding  steady-state  message-delay  mean  and  variance  are 
given  by 


F.(Dr) 


E(10  + 


_ M 

2 (l-p)n 


.22^  2 
[n.o  +  s,o 
Is  In 


-  P(l-t')]  +  E(T)  +  R 


(2.10) 


Var(D|^) 


n  2 

Var(U)  +  ^  +  3~(YJ^)  -  3n2  +  2nj)  +  3Sj^s,,  (n. 


ni) 


+  n^s^  -  11  + 


4(1-P) 


O  o 

[n-s"  +  n-o"  -  !]“■ 


2  '"2“1  ‘  rs 


2/'2  . 


®1^  ^”3  *^2  2 

'*■  TT  -  1]  +  Var(T). 

iz  n^  nj^ 


(2.11) 
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Equations  (2.9),  (2.10)  and  (2.11)  are  valid  for  each  of  the  six  ARQ- 
ACK  protocols.  The  distribution  of  is  governed  by  the  different 

statistics  presented  in  Table  2.1.  For  p  ^  1,  the  message  delay  be¬ 
comes  arbitrarily  large. 

If  the  message  arrival  process  {A  ,  n  >  1}  is  assumed  to  be  an 

n  — 

i.l.d.  sequence  of  Poisson  distributed  random  variables  with  average 
arrival  rate  equal  to  X  messages  per  slot,  the  steady-state  message- 
delay  mean  and  variance  formulas  are  given  as  follows. 

Corollary  2.1 

For  a  Poisson  message  arrival  process,  the  message  delay  mean 
and  variance,  under  a  TDMA  control  discipline  that  uses  the  SW  ARQ 
or  the  Block  ARQ  error  recovery  procedures,  are  given  by 


Var(Dj^) 


M^(p^  +  2)  1  .  ,  3  .  ,  2  ®2  .  ®3  , , 

12 - 12  +  3?wt  ^  ^ 


2  ®2  2 

,'  ~2  P  IT  -  ~2^ 

4(l-p)  1  1 


+  Var(T) 


for  p  “  XMSj^  <  1.  (2.13) 


2.4  Evaluation  of  Completion  Time 

The  concept  of  completion  time  was  introduced  in  Section  2.3. 

The  completion  time  of  a  message  is  the  time  interval  measured  in 

frames  between  the  moment  when  the  transmission  of  the  message  begins 

(after  the  preceding  message  has  finished  its  last  transmission)  and 

the  first  moment  thereafter  (after  its  last  transmission)  when  the 

channel  becomes  available  to  transmit  the  next  message.  As  previously 

defined  is  the  completion  time  of  the  1-th  message  arriving  in  the 

n 

n-th  group.  Equivalently,  it  is  the  completion  time  of  the  ?.-th  arriv¬ 
ing  message. 

The  operational  differences  among  the  SW  and  Block  ARQ  systems 
are  expressed  through  the  completion  time.  The  transmission  policies 
(stop-and-wait  versus  continuous)  and  the  acknowledgment  procedures 
(packet-by-packet  versus  message-by-message)  together  with  the  retrans¬ 
mission  schemes  (non-selective  versus  selective)  are  mathematically 

defined  by  Thus  the  entries  in  Table  2.1  delineate  the  essential 

n 

features  of  the  six  ARQ-ACK  schemes  described  in  Section  2.2. 

To  assess  the  impact  of  transmission  errors  on  channel  delay  and 
throughput  performance,  the  expressions  for  completion  times  in  Table 
2.1  are  evaluated  explicitly  for  a  stationary  transmission  error  pro¬ 
cess.  Errors  occur  as  independent  events.  With  probability  errors 
occur  in  a  single  packet  transmission,  and  with  probability 
errors  occur.  Sufficient  error  detection  capability  is  assumed  such 
that  the  probability  of  an  incorrect  decision  by  the  destination  st.i- 

tlons  is  negligible.  Thus  P„  is  also  the  probabllltv  of  a  single  packet 

N 

request  for  retransmission. 
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Under  SW  ARQ  -  PP  ACK,  each  packet  of  a  multi-packet  message  must 


be  Individually  acknowledged.  Thus  the  J-th  packet  of  the  f-message 
expends  frames  where  Is  the  number  of  transmissions  required 

by  the  J-th  packet  of  the  l-message  for  positive  acknowledgment. 

Hence,  the  completion  time  of  the  £-th  message  is 


.(1) 


I  ^ 


tj 


(2.14) 


Under  Block  ARQ  -  PP  ACK,  each  of  the  first  transmissions  of 

the  j-th  packet  expend  frames,  since  a  negative  acknowledgment 
requires  all  packet  transmissions  made  during  the  wait  for  acknow¬ 
ledgment  to  be  retransmitted.  The  last  transmission  of  the  j-th 
packet  uses  a  single  service  slot  since  Block  ARQ  is  a  continuous 
system.  Hence,  the  number  of  service  slots  required  by  the  j-th 
packet  of  the  t-th  message  is  K  (R. ,  -  1)  +  1  and  the  completion  time 
of  the  l-th  message  is 

(1) 

>  I  [K  (R  -  1)  +  1]  (2.15) 

n  It 


For  the  stationary  transmission  error  model,  the  variables  {R..}  form 
an  independent  sequence  of  geometric  distributed  random  variables, 
{P(R^j  «  m)  ■  (1  -  n  “  1.  2,  ...}  with  moments  r^  -  E(rJj). 

Since  B  ,  K.  and  the  R. are  statistically  independent,  the  comp- 

V  V  V  J 

letlon  times  form  an  1.1. d.  sequence. 

Under  MMNS  ACK,  all  packets  of  a  multi-packet  message  are  trans¬ 
mitted  before  an  acknowledgment  is  returned.  Thus  the  acknowledgment 
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delay  is  experienced  only  once  per  message  tranmlsslon.  If  a  message 
is  negatively  acknowledged  (l.e.,  at  least  one  packet  of  the  multi- 
packet  message  Is  errant) ,  then  the  entire  message  is  retransmitted. 
Hence,  under  SW  ARQ,  each  message  transmission  expends  -  1 

frames.  The  completion  time  is  given  by 

where  is  the  number  of  message  transmissions  required  by  the  H-th 
message.  Under  Block  ARQ,  only  the  first  -  1  message  transmissions 
expend  the  acknowledgment  delay  service  slots;  and,  therefore,  the 
completion  time  is  given  by 

■  “e  +  +  "t  -  Il<'e  -  »  «.17) 

For  the  stationary  transmission  error  model,  the  variables  (Rj^}  form 

an  i.i.d.  sequence.  The  conditional  distribution  given  B  is  geo- 

6  B  ' 

metric,  {P(R^  =  m]  B^^)  =  (1  -  ^  [1  -  (1  -  P^^)  m  =  1,  2,  ...}. 

Under  MMS  ACK,  acknowledgments  are  returned  only  after  all  packets 
of  a  message/pseudo  message  are  transmitted.  A  negative  acknowledgment 
requires  the  retransmission  of  only  errant  packets.  These  errant 
packets  form  a  pseudo  message.  Under  SW  ARQ,  each  message /pseudo 
message  transmission  expends  -  1  service  slots  where 

is  the  number  of  packets  in  the  j-th  pseudo  message  with  B^^^  A  Bj^. 
Hence,  the  completion  time  of  the  t-th  message  is 
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(2.18) 


-  I  -1] 

«  ±-r\  ^  ^ 


where  is  the  number  of  message/pseudo  message  transmissions  required. 
The  variable  can  be  expressed  as  the  infinite  sum  of  indicator 
functions : 


R 


I 


I  >  0,  bJ^^  >  0, 

j-0 


>  0) 


(2.19) 


where 


Using  (2.19)  in  (2.18), 


X  true 
otherwise 

the  completion  time  for  SW  ARQ  -  MMS  ACK  can 


be  rewritten  as 


I  +  K 

J-0 


1)I(b[°^  >  0.  bJ^^ 


>  0, 


>  0)  (2.20) 


For  the  stationary  transmission  error  model,  the  conditional  dis¬ 
tribution  of  given  B^^^  is  binomial 


(”)  P"(l  -  P  )"'”" 
'n^  n''  r 


j 

n 


0,  1,  2 

0,  1,  . 


,  m 


(2.21) 


Under  this  characterization,  the  conditional  expectation  of  R^  given 
is 
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C2.22) 


e(6,|b,)  -  I  11  -  (1  -  Pj)“'i 

j  =0 

Under  Block.  ARQ  -  MMS  ACK,  the  j-th  message/pseudo  message  transmission 

expends  ^  -  1  service  slots  for  j  =0,  1,  2,  -2. 

The  last  message/pseudo  message  transmission  uses  only  the  B^^^ 

i 

service  slots.  Thus  the  completion  time  is  given  by 
...  (ft.-i) 

^  fv  '^h  -  (2.23) 

j“0 

Using  indicator  functions,  (2.23)  can  be  rewritten  as 

=  I  -b  (K  -  1)  >  0)] 

j=0 

•  1(b(°^  >  0,  b(^^  >  0 . b(^^  >  0)  (2.24) 

For  the  stationary  transmission  error  model,  the  conditional  distri¬ 
bution  of  given  B^"^^  is  governed  by  (2.21). 

The  conditional  expectations  of  completior  time  given  B^  are 
summarized  in  Table  2.2  for  the  six  ARQ-ACK  schemes.  Maximum  through¬ 
put  (B^/s^  packets  per  service  slot)  is  readily  calculated  from  the 
table  entries.  The  2nd  and  3rd  moments  of  completion  time  are  present¬ 
ed  in  Appendix  A;  these  moments  are  necessary  to  evaluate  tlie  mean 
and  variance  of  message  delay  given  by  (2.10)  and  (2.11)  or  (2.12) 
and  (2.13). 
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TABLE  2.2:  MEAN  COMPLETION  TIMES  E(S^  ''|B£)  FOR  THE 


2.5  Numerical  Results 


The  delay  and  throughput  performance  of  the  ARQ-ACK  schemes  are 

compared  assuming  Poisson  distributed  message  arrivals.  The  average 

.essage  delay  is  normalized  by  the  TDMA  frame  size  (M) .  Resulting 

terms  which  are  proportional  in  value  to  1/M  have  been  neglected. 

(These  terms  are  negligible  for  reasonably  large  M.)  The  additive 

fixed  propagation  delay  is  set  equal  to  zero  (R  H  0).  Results  for 

the  stationary  transmission  error  process  are  presented. 

Figures  2.3,  2.4  and  2.5  present  throughput  and  delay  results 

for  the  SW  and  Block  ARQ  systems  operating  with  single-packet  messages 

(B^  =  1)  and  with  =  1,  2,  5.  For  single-packet  messages  the  PP  ACK 

and  MM  ACK  schemes  are  equivalent.  In  addition,  with  =1,  the  SW 

and  Block  ARQ  systems  operate  Identically. 

Maximum  throughput  versus  packet  noise  error  probability  curves 

are  shown  in  Figure  2.3.  It  is  evident  that  the  largest  maximum 

throughput  values  are  provided  by  =  1.  As  K^  Increases  the  maximum 

throughput  achievable  decreases.  For  each  >  1,  the  Block  ARQ  system 

performs  better  than  the  SW  ARQ  system.  This  performance  disparity  is 

especially  evident  at  low  packet  noise  error  probabilities.  Tlie  forced 

idle  times  required  by  the  SW  ARQ  system  reduce  the  maximum  throughput 

at  P„  =  0.0  to  0.5  and  0.2  packets  per  service  slot  for  K  =  2  and 
N  1 

K^  =  5,  respectively;  since  the  Block  ARQ  system  is  a  continuous  system, 

it  has  the  maximum  throughput  value  of  1  packet  per  service  slot  at 

P.  =  0.0  for  all  K , .  Average  packet  delay  versus  throughput  curves 
N  1 

are  shown  in  Figure  2.4  with  Pj^  >=  0.2.  The  normal  delay -throughput 
behavior  is  exhibited.  Packet  delay  standard  deviatlon-to-mean  (S/M) 
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ratio  versus  throughput  curves  are  shown  In  Figure  2.5.  As  through¬ 
put  Increases,  the  mean  and  variance  of  delay  Increase  such  that  the 
S/M  ratio  is  1  at  maximum  throughput. 

Figures  2.6,  2.7  and  2.8  present  throughput  and  delay  results 
for  the  SU  and  Block  systems  operating  with  multi-packet  messages 
(B^  *  5)  and  with  =  2.  These  results  exhibit  the  differences  among 
the  PP,  MMNS  and  MMS  ACK  schemes.  Maximum  throughput  versus  packet 
noise  error  probability  curves  are  shown  In  Figure  2.6.  As  found 
for  single-packet  messages,  the  Block  ARQ  system  provides  larger 
maximum  throughput  values  than  the  SW  ARQ  system  for  each  acknowledg¬ 
ment  scheme.  Also  for  both  ARQ  systems,  the  MMS  ACK  scheme  achieves 
the  largest  maximum  throu^put  values.  This  result  Is  expected  since 
the  MMS  ACK  scheme  requires  fewer  packet  retransmissions  than  the  MMNS 
ACK  scheme  and  experiences  fewer  acknowledgments  delays  than  the  PP 
ACK  scheme. 

Average  message  delay  and  message  delay  S/M  ratio  results  are 
shown  In  Figures  2.7  and  2.8,  respectively.  The  best  delay-throughput 
performance  is  exhibited  by  the  MMS  ACK  scheme  followed  in  order  by 
PP  ACK  and  MMNS  ACK  for  both  the  SW  and  Block  ARQ  systems.  The 
advantage  of  the  MMS  ACK  scheme  Increases  with  message  size.  The 
performance  advantage  of  the  Block  ARQ  systems  over  the  SW  ARQ  systems 
is  clearly  demonstrated  (particularly  for  PP  ACK).  This  disparity 
Increases  as  the  acknowledgment  delay  is  increased.  The  message  delay 
S/M  ratio  versus  throughput  curves  in  Figure  2.8  indicate  that  the 
Block  ARQ  -  MMS  ACK  scheme  provides  the  best  performance  over  most 
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of  the  throughput  range.  Hence,  the  Block  ARl}  -  MMS  ACK  schenu*  exhi¬ 
bits  the  best  message  delay  characteristics  from  among  the  SW  and 
Block  ARQ  systems. 

The  performance  loss  sustained  by  the  Block  ARQ  -  MMS  ACK  scheme 
imder  non-zero  error  rates  is  indicated  in  Flgnies  2.‘)  and  2.10  tor 
single-packet  messages  and  in  Figures  2.11  and  2.12  for  multi-packet 
messages  (B^  •  5).  Average  message  delay  versus  packet  noise  error 
probability  curves  are  shown  in  Figures  2.9  and  2.11  for  several 
throughput  values  with  •  1,  2.  Message  delay  S/M  ratio  versus 
packet  noise  error  probability  curves  are  shown  In  Figuri>s  2.10  and 
2.12.  It  is  evident  that  the  number  of  packet  retransmissions  in¬ 
creases  with  P„  which  consequently  Increases  delav.  The  effect  ol 
these  retransmissions  la  magnified  by  Increasing  the  acknowledgment 
delay. 
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Figure  2.7.  Delay  versui  Throughput  Curvet  fcK  a  TDMA  Channel  Using  SW  or 
Block  ARQ  and  PP,  MMNS.  MMS  ACK  With  Bj  •  5,  K,  •  2.  P,y,  •  0.2 
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Figure  2.8.  Message  Delay  Standard  Oeviation-to-Mcan  Ratio  versus  Throughput 
Curves  for  a  TDMA  Channel  Using  SW  or  Block  ARQ  and  PP,  MMIMS. 
MMS  ACK  With  B;  =  5,  K;  =  2.  P., «  0,2 


50 


0.0  0.2  0.4  0.6  0.8  1  0 

PACKET  NOISE  ERROR  PROBABILITY  P^ 


FigtH'*  2.10.  Packat  Dalay  StanBarB  OaviaBon-to^llaan  Ratio  vartu*  Packat  No««  Error 
ProtaaWHty  Curaaa  for  a  TOfNA  Ckannal  Uting  Block  ARQ  with  B:  ■  1, 

K,  -  1.  2 


52 


AVERAGE  MESSAGE  DELAY  ECD.)  Mr 


100 


4.0 


3.0  I _ I _ I _ I _ I _ I 

0.0  0.2  0.4  0.6  0.8  1.0 

PACKET  NOISE  ERROR  PROBABILITY  P^ 

Figur*  2.11.  Mtwtgi  Dalay  rarwi  Paakat  Notaa  Error  ProkaMNty  Curvat  for  a  TOMA  Channal 
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53 


2.6  Conclusions 


The  operation  of  a  TDMA  channel  using  SW  and  Block  ARQ  error 
recovery  procedures  was  examined  In  this  chapter.  Acknowledgment 
mechanisms  on  a  per  packet  and  on  a  per  message  basis  were  considered. 
By  Introducing  the  concept  of  completion  time,  the  generating  function 
of  the  message  delay  distribution  at  steady  state  was  derived  and 
expressions  for  the  message  delay  mean  and  variance  were  obtained. 

The  completion  times  for  each  ARQ  -  ACK  scheme  were  evaluated  for  a 
stationary  tranmlsslon  error  process.  Examples  of  the  delay-throughput 
function  were  presented  assuming  a  Poisson  distributed  message  arrival 
process.  From  the  examples.  It  was  observed  that  the  Block  ARQ  -  MMS 
ACK  scheme  yields  the  best  message  delay  characteristics. 
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CHAPTER  III 


TIME  DIVISION  MULTIPLE  ACCESS  USING  THE 
SELECT-AND-REPEAT  ARQ  SYSTEM 

In  this  chapter  the  SR  ARQ  system  is  applied  to  a  TDMA  channel. 
Like  the  Block  ARQ  schemes  examined  in  Chapter  II,  the  SR  ARQ  scheme 
is  a  continuous  system;  however,  the  sR  ARQ  strategy  requires  only 
errant  packet  transmissions  to  be  retransmitted.  Thus  the  SR  ARQ  sys¬ 
tem  avoids  the  unnecessary  retransmissions  of  the  Block  ARQ  schemes 
and  the  wasteful  idle  periods  of  the  SW  ARQ  schemes.  In  Section  3.1 
the  channel  and  network  stations  are  characterized  and  the  operation 
of  the  SR  ARQ  scheme  is  described.  The  evolution  of  the  channel  is 
described  by  a  vector  Markov  chain  in  Section  3.2.  The  necessary  and 
sufficient  conditions  for  ergodicity  are  stated.  In  Section  3.3  upper 
and  lower  bounds  on  the  average  message  delay  at  steady  state  are 
derived,  and  numerical  examples  are  presented  in  Section  3.4. 

3.1  Operational  Description 

The  time  synchronized  channel  structure  described  in  Chapter  II  is 
also  considered  in  this  chapter.  Time  is  divided  into  equal  length 
slots.  The  n-th  slot  is  the  Interval  [(n-l)T,  nx) ,  n  =  1,2,...  .  The 
M  network  stations  share  the  channel  in  accordance  with  a  TDMA  access- 
control  discipline.  Each  station  is  assigned  a  single  slot  per  frame 
(a  service  slot)  and  the  queueing  behavior  of  one  network  station  is 
examined. 
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Single-packet  messages  are  assumed  with  the  transmission  time  of  a 
packet  set  equal  to  the  duration  of  a  single  slot  (r).  Messages  arrive 
at  the  station  according  to  the  batch  stochastic  point  process 

i  1}.  where  denotes  the  number  of  message  arrivals  during  the 
n-th  slot. 


Under  the  SR  ARQ  ettategy,  paekete  are  tranaMtted  In  contlgnona 
aarvlce  aleta  aa  long  aa  the  tr.™,„lt  ,»„e  la  nonempty  (a  contlnuona 
ARQ  syaten).  Honever,  unlike  the  Block  ARQ  ayateea,  only  errant  packets 
are  retrananltted.  Retranamleelona  are  made  in  the  eervlce  slots 
immediately  following  negative  acknowledgments. 


An  ideal  acknowledgment  mechanism  is  assumed.  Acknowledgments 
are  never  misinterpreted  and  are  returned  after  a  fixed  acknowledgment 
delay  (K  frames).  Thus  a  packet  transmission  in  the  m-th  frame  is 
acknowledged  within  K  frames  and,  if  necessary,  the  packet  is  retrans¬ 
mitted  In  the  mfK)-th  frame.  (See  Figure  3.1). 

The  operation  of  this  TDMA  channel  using  SR  ARQ  is  conveniently 
described  by  vlsuallaing  two  separate  buffers  at  the  source  station; 
a  transmit  buffer  and  a  transit  buffer.  The  infinite  capacity  transmit 
buffer  holds  those  messages  waiting  for  their  Initial  transmission. 

The  transit  buffer  holds  those  packets  waiting  for  acknowledgment 

or  retransmission;  hence,  there  can  exist  at  most  K  such  packets  in  the 
transit  buffer. 

Arriving  mnsdageA  .re  placed  In  the  transmit  queue.  Prior  to 
each  service  slot,  the  transit  buffer  Is  Interrogated  for  a  packet 
reed,  for  retransmlsalon.  If  such  a  packet  exists .  It  Is  transmitted 
In  the  Inmmdlate  service  sloti  It  no  such  packet  exists,  then  the 
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SERVICE 

FRAME  SLOT 


PACK'D 


T|  •  TRANSMISSION  OF  i-th  MESSAGE 
I  -  IDLE  SERVICE  SLOT 
K  -  3 


FIgur*  3.1.  Oparation  of  a  TOMA  Channal  Using  SR  ARQ 


packet  at  the  head  of  the  transmit  queue  Is  removed,  transmitted  and 
placed  in  the  transit  buffer.  However,  if  the  transmit  buffer  is 
empty,  the  service  slot  goes  idle.  Packets  are  removed  from  the 
transit  buffer  as  they  are  positively  acknowledged. 


3.2  Channel  State  Process 

The  evolution  of  the  channel  is  completely  described  by  consider¬ 
ing  only  service  epochs  (service  slots) .  Let  service  epochs  begin  at 
times  t^  =  nMx,  n  =  0,  1,  2,  ...  .  The  channel  state  process  is 

represented  by  the  vector  Markov  chain  Z={Z^,  n^l}  over  the  space 
2  K+l 

d  a  where  d  is  the  set  of  non-negative  integers,  =  {0,1}  and 

Z  =  (N  ,  Q~,  U  U  ...,  U  ,,,  ACK  „}.  The  variable  N  is  the  num- 
n  n  n’  nl  n2’  nK  nK  n 

ber  of  new  message  arrivals  between  the  (n-l)-st  and  n-th  service 
epochs.  The  transmit  queue  size  (those  packets  waiting  for  their  first 
transmission)  at  t^  =  nMx  -  0  is  denoted  by  Q^.  The  variables  {U^^> 

1  =  1,  2,  . . . ,  K}  indicate  packet  transmissions  in  the  (n-l+l)-st 
service  slots: 


U 


nl 


(1  if  a  packet  is  transmitted/retransmitted  in  the 
(n-l+l)-st  service  slot 


(3.1) 


^0  otherwise 

The  variable  ACK  „  indicates  the  acknowledgment  status  of  the  trans- 
nK 

mission  made  in  the  (n-K+l)-st  service  slot: 
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If  a  packet  transmltted/retransmltted  in  the 
(n-K+l)-8t  service  slot  is  PACK'd 


otherwise 


(3.2) 


The  message  arrival  sequences  {A^,  n  ^  1}  and  {N^,  n  ^  1} 


are 


‘elated  bv 


N 

n 


nM 

I 

i-(n-l)M+l 


(3.3) 


The  process  {N  ,  n  >  1}  is  assumed  to  be  an  l.i.d.  sequence  of  random 
n  — 

2 

variables  with  finite  first  and  second  moments  (n  ,  n„),  variance  o 

N  ^  " 

and  generating  function  E(z  )  ••  N*(z). 

The  transmit  queue  size  is  governed  by  the  following  recursive 

relationship  (see  Figure  3.2): 


where 


I(x) 


e 

n 


=  N  +  [Q"  -  I(e  )]'^ 
n-rl  n  n 

“  max  (0,x) 

/ 

1  X  true 

^0  otherwise 

■  ''"•'nK  •  <”nK 


0) }. 


(3.4) 


If  the  event  e  is  true,  a  new  packet  transmission  may  begin  in  the 
n 

(n+l)-8t  service  slot  and  the  transmit  queue  size  is  reduced  by  1. 

A  transmission  is  made  in  the  (n-H)-8t  service  slot  if  either  (1)  a 
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Fi9or.  3.2.  Tr,n«nU  Qmm  Siit  R.latloojhip. 


transmission  In  Che  (n-K-»-l)-sC  service  slot  Is  negatively  acknowledged 
or  (2)  the  transmit  queue  Is  non-empty  at  t^  (l.e.,  >  0).  Hence, 

Vl.l  ■  ■  O’  “  »»  ».5) 

The  stationary  transmission  error  process  Introduced  In  Chapter  II 
Is  assumed.  Errors  occur  as  Independent  events.  With  probability 
P^,  an  error  occurs  In  a  single  packet  transmission,  and  with  prob¬ 
ability  (1  -  P„) ,  no  errors  occur.  Thus,  the  process  {ACK  }  Is  an 
1.1. d.  sequence  of  Bernoulli  distributed  random  variables: 


If  J  - 


if  j 


(3.6) 


The  preceding  relationships  yield  the  transition  probability 

function  for  the  vector  Markov  chain  Z.  Since  and  are 

statistically  Independent  of  Z  ,  the  vector  X  ={Q,U,,U„,  ..., 

n  n  n  nl 

U  forms  the  state  sequence  of  Interest  and  X  =  {X  ,  n  >  1}  is  a 
nK  n  ““ 

vector  Markov  chain  over  the  space  d  x  d^.  A  flow  diagram  indicating 
the  transition  X^  ->  is  presented  in  Figure  3.3. 

For  single-packet  messages  with  ••  K  -  1,  the  operation  of  the 
SR,  SW  and  Block  ARQ  schemes  Is  Identical;  and,  therefore,  these 
systems  are  described  by  equivalent  channel  state  processes.  Thus, 
using  Che  results  from  Chapter  II,  the  processes  X  and  Z  are  ergodlc 
If  and  only  if 
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Fi«ur«  3.3,  Trantition  -*  X^.,  for  tho  Vactor  Markov  Chain  X  A«ociatad  with  the 
TDMA  Channel  Ueing  SR  ARQ 


(3.7) 


when  K  -  1.  Moreover,  Konheim  [47]  shows  that  (3.7)  is  the  necessary 
and  sufficient  condition  for  ergodicity  for  arbitrary  K  ^  1. 


Proposition  3.1 

The  processes  Z  and  X  are  ergodlc  if  and  only  if  n^^  <  1  - 


Throughput  is  defined  as  the  average  number  of  successful  packet 
transmissions  per  service  slot.  Thus  from  Proposition  3.1  maximum 
throughput  is  given  by 


maximum  throughput 


number  of  success¬ 

ful  packet  trans¬ 

a  packet  is  trans¬ 

missions  in  K  con- 

mitted  in  each  \ 

itiguous  service 

service  slot 

Islots 

1  -  P. 


(3.8) 


for  each  K  >  1. 


3. 3  Message  Delay  Analysis 

The  two  message  delay  measures  (D^^,  Dg)  discussed  in  Chapter  II 
for  the  Block  and  SW  ARQ  systems  are  also  appropriate  for  the  SR  ARQ 
system.  The  data  transfer  delay  (D„)  from  source  to  destination  is 
expressed  by  (2.1).  The  required  holding  time  (measured  in  slots) 
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of  the  n-th  message  at  the  source  station  Is  decomposed  into  the  sum 


=  U  +  W  +  H  (3.9) 

S  n  n  n 
n 

where  denotes  the  delay  of  the  message  from  its  arrival  slot  to 

the  next  service  slot  and  W  is  the  additional  delay  to  its  first 

n 

transmission  as  previously  described  in  Section  2.3.  The  variable 

represents  the  remaining  time  until  the  n-th  message  is  positively 

acknowledged  and  subsequently  discarded  from  the  source  station's 

transit  buffer.  Thus  and  represent  the  times  spent  by  the 

n-th  message  in  the  transmit  buffer  and  transit  buffer,  respectively. 

The  difference  D  -  D  between  the  two  delay  measures  is  the 
S  R 

acknowledgment  delay.  The  effective  transmission  time  of  the  n-th 
message  is  given  by 

T  =  MK  R  +1  (3.10) 

n  n 

and  the  holding  time  in  the  transit  buffer  is  bounded  by 


H  <  MK(R  +  1) 
n  —  n 


(3.11) 


where  R  is  the  number  of  errant  transmissions  of  the  n-th  message, 
n 

Thus  the  difference  D„  -  D_  is  clearly  bounded  by  D  -  D  <  MK  -  R  -  1 

b  R  b  K 

where  R  is  the  propagation  delay. 

Under  the  stationary  transmission  error  process  model, 

{R  ,  n  >  1}  is  an  i.l.d.  sequence  of  geometric  distributed  random 
n  — 

variables  with  mean  E(ft  )  =  P„(l  -  P„)  Therefore, 

n  N  N 


MK  P. 


E(T) 


N 


1  -  P. 


+  1 


(3.12) 
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and 


E(H)  <  — p-  (3.13) 

To  completely  specify  either  delay  measure  requires  the  statistical 

characterization  of  the  waiting  time  in  the  transmit  queue  W^.  An 

efficient  solution  for  the  distribution  of  W  is  thwarted  by  the  store- 

n 

and-forward  manner  In  which  packets  traverse  the  channel.  Enforced 
service  idle  times  and  the  simultaneous  service  of  up  to  K  messages 
(either  in  transmission  or  waiting  acknowledgment)  make  exact,  useful 
mathematical  characterizations  difficult.  Therefore,  manageable  bounds 
on  the  average  waiting  time  at  steady  state  are  derived. 

At  steady  state,  the  average  waiting  time  in  the  transmit  queue 
is  related  to  the  average  queue  size  by  Little's  result  [55]. 


where  the  expectations  are  w.r.t.  the  steady  state  distributions. 

The  variable  is  the  transmit  queue  size  at  t^  =  nMx  +  0.  It  is 

related  to  Q  by 
n 

q"  -  ,  +  N  ( 

^n  ^-1  n 

Squaring  both  sides  of  (3.4),  taking  expectations  w.r.t.  the 
steady  state  distributions,  and  rearranging  terms,  we  find  that 
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-  “„+l»  ■  1  >"l«  -  "l>  * 


(3.16) 


The  first  term  on  the  left  hand  side  of  (3.16)  is  evaluated  by  con¬ 
sidering  the  following  conditional  expectation: 


E{q"  I(e„,  Q"  >  0)|q“  U  „}  -  Qj(l  -  P„)  I(U  „  =  1) 


4I(Un^-0)] 


(3.17) 


Using  the  inequality  Q  >  N  yields 

n  —  n 


■K  Q;  >  0)1  i  «  -  V  "l  ■’(“nK  ■  0)  '0.18) 


with  equality  when  K  »  1.  The  steady  state  distribution  of  is 
derived  in  Appendix  B: 


1  -  P. 


if  j  =  0 


"^«nK  - 


(3.19) 


“1 

1  -  P, 


if  j  =  1 


Since  Q”  and  N  are  statistically  Independent,  (3.16),  (3.18)  and 
n  n+i 

(3.19)  yield  the  following  upper  bound  on  the  average  transmit  queue 
size : 


-  "l>  "l 

^^^n^  -  2(1  -  P^  -  n^)  1  -  P^ 


(3.20) 
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This  result  together  with  (3.14)  and  (3.15)  provides  an  upper  bound 
on  the  average  waiting  time  in  the  transmit  queue  at  steady  state: 


—  E  <  I.  ^  ■  I..  .1  I  A  u 

M  ^  ^  -  2n^(l  -  -  n^)  (1  -  P^^)  ^  ”u 


(3.21) 


A  similar  development  leads  to  the  following  lower  bounds; 


n  (1  -  n  )  +  o^  n^  P 

-  2(1  -  n^)  ^  (1  -  Pj^)(l  -  n^) 


(3.22) 


1  (n  -  n  )  (1  -  P  )  +  2n"  P 

M  -  2n^(l  -  n^)  (1  -  P^^)  -  \ 


(3.23) 


The  upper  bound  Wy  is  an  exact  result  for  K  =  1;  and,  therefore, 
the  largest  average  waiting  times  in  the  transmit  queue  at  steady 
state  are  experienced  with  single-frame  acknowledgment  delays.  Further¬ 
more,  Wy  agrees  with  the  result  derived  in  Chapter  II  for  the  Block 
and  SW  ARQ  systems  with  B^=l,  K^=l,  1^1.  However,  these  waiting 
time  bounds  are  independent  of  K  and  they  deviate  from  each  other 
as  the  average  message  arrival  rate  approaches  the  maximum  throughput 
value  as  demonstrated  by  the  following  ratio: 


^  ~  "1 
^  ■  "1 


(3.24) 


Slightly  more  complex  bounds  are  derived  in  Appendix  B: 
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i  E(W)  >  W„  -  (L  «U( 


i  E(«)  <  w,^  -f  4  "l 


(3.25) 


(3.26) 


where 


K-1 

I  P(Nj  +  N2  + 


+  >  0)  ^  if  K  >  1 


if  K-1 


These  results  are  suiranarlzed  In  I.emina  3.1. 


l^enuna  3.1 


For  the  TDMA  channel  using  SR  ARQ,  the  average  (single-packet) 
message  waiting  time  in  the  transmit  queue  at  steady  state  Is  bounded 


MWj^  E(W)  <  MWy 


(3.27) 


where 


Wj  -  nvix  (W^  ,  Wj  j^) 
W  -  min  (Wy,  W^^) 


if  n  <  1  - 


Tt»-  difference  between  these  bounds  is  Itself  noted  to  be  bounded  by 


(3.28) 


(K  -  DP 


U  «  U  < - - - 

U  L  -  1  -  P. 


N 


Thus  by  using  the  bounds  on  the  average  waiting  time  stated  In 
Lemma  1  together  with  (2.1)  and  (3.12),  bounds  on  the  average  message 
delay  at  steady  state  are  established. 


Theorem  3.1 

Under  the  TDMA  access-control  discipline  using  SR  ARQ  error  con¬ 
trol,  the  average  steady  state  message  (single-packet)  delay  Is  finite 
and  bounded  by 


1  E(Dj^)  <  Dy  (3.29) 

where 

-  ^  % 

-  E(U)  +  +  1  +  R 

when  n^  <  1  -  Pj^.  VHien  ^  1  -  P^^,  the  limiting  message  delay  is 
Infinite. 

If  the  message  arrival  nroeess  {A.  ,  n  ■*  1}  is  .in  l.i.d.  sequence 

n  — 

of  Poisson  distributed  random  variables  with  average  arrival  rate 
equal  to  X  messages  per  slot,  the  steady  state  message  delay  bounds 
are  specified  as  follows. 

Corollary  3.1 

For  a  Poisson  message  arrival  process,  the  bounds  on  the  average 
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message  delay  at  steady  state,  under  a  TDMA  control  discipline  using 
the  SR  ARQ  error  recovery  procedure,  are  given  by 


when  XM  <  1  ~  Pjj-  When  XM  ^  1  -  the  limiting  message  delay  is 
infinite. 

To  demonstrate  the  utilization  of  the  preceding  bounds  consider 
the  following  example. 
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EXAMPLE  3.1 


Assume  {A^,  n  ^  1}  Is  an  1.1. d.  sequence  of  Poisson  distributed 
random  variables  with  average  arrival  rate  A  messages  per  slot.  With 
K  =  2, 


W 


U2 


W., 


(3.30) 


W 


L2 


W., 


(3.31) 


Since  0  <  (1  -  e"^”)/AM  <1  for  0  <  AM  <  1,  (3.30)  implies  that  1 
Wy.  Equation  (3.31)  Implies  that  there  exists  a  Aq  such  that 

^1,2  ^  ^  ^0  \2  -  ^  —  ^0’  for  K  =  2  and  for 

a  Poisson  distributed  message  arrival  process. 


*^0  ’  ”u2 


\  If  A  <  Aq 


\2  ^  i  ^0 


where  A^M  =2(1-  P^j) .  In  addition,  the  difference  between  the 
bounds  is  itself  bounded  by 


W  -  W  <  N  fl  ~  6  , 

u  \  -  1  -  1  am  ^  • 


(3.32) 
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Equality  is  attained  in  (3.32)  when  X  ^  X^. 

Hence,  when  K  “  2,  the  average  waiting  time  in  the  transmit  queue 
Is  less  than  (an  exact  result  for  K  =  1) : 


E(W) 


K=2 


<  E(W) 


K=1 


However,  due  to  the  larger  average  effective  transmission  time. 


E<D„) 


K-2 


i  E(D^) 


K=1 


3.4  Numerical  Results 

The  delay  versus  throughput  performance  functions  are  evaluated 
assuming  Poisson  distributed  message  arrivals.  The  average  packet 
delay  bounds  are  normalized  by  the  TDMA  frame  size  (M) .  Resulting 
terms  which  are  proportional  in  value  to  1/M  have  been  neglected.  The 
additive  fixed  propagation  delay  is  set  equal  to  zero  (R  =  0). 

Results  are  presented  in  Tables  3.1  and  3.2  for  packet  noise  error 
probabilities  =  0.1  and  0.2,  respectively,  with  K  =  1,  2,  5,  10. 
These  results  clearly  demonstrate  the  robust  nature  of  the  bounds. 

Over  most  of  the  throughput  region,  the  difference  between  the  upper 


and  lower  bounds  is  strictly  less  than 

(K-l)P 


°U  “  \  ^  1  -  P 


N 


N 


Packet  delay  upper  bound  versus  throughput  curves  are  shown 
in  Figure  3.4  with  K  -  1,  2,  5,  10  and  P^^  -  0.2.  These  curves  exhibit 
the  characteristic  delay-throughput  behavior.  Upper  bound  versus 
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packet  noise  error  probability  curves  are  shovm  in  Figure  3.5  for  con¬ 
stant  throughputs  XM  =  0.2,  0.4,  0.6. 

Maximum  throughput  versus  packet  noise  error  probability  curves 
are  shown  in  Figure  3.6  for  the  SW,  Block  and  SR  ARQ  systems.  These 
results  are  derived  for  single-packet  messages  and  a  five-frame  ack¬ 
nowledgment  delay.  As  expected,  the  SR  scheme  provides  the  largest 
maximum  throughput  values  for  all  error  probabilities.  Average  packet 
delay  versus  throughput  curves  are  shown  in  Figure  3.7.  The  SR  ARQ 
curve  is  the  upper  bound  on  the  actual  steady  state  delay.  These 
results  clearly  demonstrate  the  advantage  possible  with  the  SR  ARQ 
scheme  for  communication  channels  with  non-zero  error  rates. 

3.5  Conclusions 

The  operation  of  a  TDMA  channel  using  the  SR  ARQ  error  recovery 
procedures  was  examined  in  this  chapter.  By  considering  single-packet 
messages,  constant  acknowledgment  frame  delays,  and  a  stationary 
transmission  error  process,  the  evolution  of  the  channel  was  described 
by  a  vector  Markov  chain.  The  conditions  for  ergodicity  were  stated. 
Upper  and  lower  bounds  on  the  average  message  delay  at  steady  state 
were  derived.  The  difference  between  these  bounds  was  itself  bounded 
and  shown  to  be  tight  over  the  entire  throughput  range.  The  utiliza¬ 
tion  of  these  bounds  was  demonstrated  by  ntimerlcal  examples  and  the 
performance  was  compared  to  the  Block  and  SW  ARQ  systems.  These 
results  clearly  demonstrate  the  performance  advantage  possible  with 
the  SR  ARQ  scheme  for  communication  channels  with  non-zero  error  rates. 


74 


^  00 

CM 

o 

rH 

CO 

CO 

SO 

•4- 

CO 

O 

o 

o 

o 

o 

o 

o 

o  o 

rM 

CM 

cn  ^ 

00 

rH 

m 

tH 

O 

m 

rH 

o 

o 

o 

o 

o 

o 

o 

o  o  o 

o 

o 

o  o 

•  • 

O 

O 

1^ 

CM 

CO 

>4 

o 

o 

o 

o 

o 

o 

o 

o 

rH  P 
B  Q 


rHr^r^c»isovorvOOc'iin'-i<^OOf^OOOfOOO 

t-t^a-aofOoosriHOOcMf^f^f^omvoooinf^oo 

vOvOvOr»f^OO^Or-lfMC*>iriOOtMr'yOinOr^<^mO 

r-lr-ti-lr-(.-liHi-ICV|fM{SC>JCgfN|fOn^vOCS«3-CT\OOvO 

r-t  nW  r-(  CN|  m 


.-|rOO\CTi>tfu-l‘^00'rHCMOOOOvOt^r~OOOf^OO 

iH'»r^iHvOf-if'.>a-i-iiHcMincs'^fOvoooiofOOO 

vO'Ovo>^f~ooooo>Or-(tM<*iirtr~ONOinOf^<^mo 

r-l  iH  i-H  pg  in 


<4 

00 

«4 

CM 

o 

CO 

CO 

SO 

-4 

•4 

*4 

OS 

UO 

CM 

00 

UO 

o 

o 

rM 

CO  ^ 

vO 

00 

UO 

rM 

o 

Sf 

n4 

•4 

CM 

CM 

CM 

fH 

^4 

o  o 

o 

• 

o 

O 

o  o 

O 

O 

CM 

CO 

^4 

• 

*4 

*4 

>4 

<t 

m  P 


voc^Jc^oOQ*HiH*4‘'^r^a>vooO'^'^i-('4'ONm4noou-i 


ir>  ^  ^  0>  ^ 

O  O  rH  f-»  CM  <M 


'4‘invoooo€Svo»Hf-»av^Mr^as^ 


rMi-Hr^^iH^^iHTWrHrHCMCMfMf'^"^i/^iH>^OOr>*tn 

fH  rH  r-J  CM  in 


1 

SO 

00 

CO 

CO 

00 

OS 

UO 

CO 

SO 

CM 

CM 

8 

O 

r**. 

o 

o 

O 

CO 

o 

O 

p 

UO 

00 

CM 

sO 

O 

UO 

rH  00 

SO 

UO 

sO 

O 

UO 

so 

o 

O 

lO 

CO 

o 

o 

p 

o 

o 

rH 

rH 

CM 

CM 

CO 

CO 

UO 

SO 

00 

Os 

CM 

r*s 

so 

UO 

O 

CO 

UO 

o 

iH 

fH 

iH 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

r-H 

CM 

CM 

CO 

UO 

rH 

CO 

00 

UO 

rH 

rH 

rH 

CM 

UO 

iHf^vOiHOXONCMCMCNr^lOMfCNlOGOsOmin'^'^''^ 

OOOr-lrMcM<“vD00  00  00  00  G000r^r^r^r^r^r^rv 

oooooooooooooooooooooo 


CM 

UO 

CO 

sO 

-4 

CO 

CM 

CM 

CM 

CM 

O 

UO 

so 

UO 

UO 

00 

CM 

UO 

o> 

CO 

00 

^4 

rH 

Os 

OS 

rH 

sO 

in 

rH 

00 

CO 

CM 

o 

r*^ 

rv 

Cn 

00 

00 

Os 

o 

o 

rH 

CO 

•4 

so 

OS 

CM 

00 

UO 

O 

00 

•4 

UO 

o 

d 

d 

o 

o 

d 

d 

rH 

rH 

rH 

rH 

r^ 

rH 

1-H 

CM 

CM 

CO 

UO 

rH 

CO 

00 

UO 

rH 

rH 

rH 

CM 

UO 

*4 

LO 

SO 

mJ 

ro 

CM 

irs 

rH 

CO 

O 

O 

O 

o 

o 

CO 

o 

o 

CM 

UO 

Os 

CO 

CM 

00 

u^ 

CM 

h-i 

CO 

O 

UO 

so 

o 

o 

UO 

CO 

o 

u 

00 

00 

OS 

OS 

o 

rH 

CM 

CO 

UO 

00 

CM 

rv 

sO 

xn 

o 

CO 

UO 

o 

d 

d 

d 

d 

d 

d 

d 

rH 

rH 

rH 

rH 

rH 

rH 

CM 

CM 

CO 

UO 

rH 

CO 

00 

UO 

rH 

rH 

rH 

CM 

UO 

rH 

f> 

CO 

sO 

so 

g 

o 

CM 

in 

CO 

O 

o 

p^ 

o 

o 

O 

CO 

o 

o 

rH 

HT 

00 

CO 

« 

^4 

rH 

o 

o 

CM 

CO 

o 

UO 

vO 

o 

g 

UO 

CO 

o 

o 

«o 

so 

so 

00 

OS 

o 

rH 

CM 

CO 

UO 

00 

CM 

rv 

sO 

UO 

o 

P^ 

CO 

UO 

o 

d 

d 

d 

d 

d 

d 

d 

rH 

rH 

rH 

rH 

rH 

rH 

CM 

CM 

CO 

m 

rH 

CO 

00 

P^ 

UO 

mm 

rH 

r^ 

CM 

UO 

m  o 

O  O  H 


iOOmQioOmoiAOmOmomNDr^<3oON 

iH<McM^<n%^-»tf'mmvO\Ofs.rNOOoooooooooo 


TABLE  3.2.  DELAY -THROUOIPUT  PERFORMANCE  FUNCTION  FOR  A  TDMA  CHANNEL  USING  SR  ARQ  WITH  P„  =  0.2 


rH'a•lH<*^^-lo^o^Ol-lOfOu^^^oooooo 

r-icg>a’voaN(Mr^mir)OfO(Mu-imu-iiominm 

OOOOOO'-(>-tCM<*1iri?^r-(00CMCNfM<MeMCM 

OOOOOOOOOOOOr.|<-(CMCviCMCM<v4CS 


o 

o 

o 

o 

CO 

O 

o 

o 

O 

O 

O 

o 

o 

o 

o 

o 

Q 

ir\ 

o 

uo 

00 

UO 

SO 

lO 

m 

m 

m 

m 

«n 

m 

m 

m 

in 

O 

o 

rH 

f— 1 

CM 

CO 

Cs 

CM 

sO 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CO 

ro 

CO 

CO 

CO 

CO 

CO 

CO 

CO 

CO 

m 

\D 

00 

sr 

CM 

CM 

CM 

rH 

rH 

CM 

CO 

VO 

o 

a> 

CO 

CM 

o 

rH 

>5* 

o 

o 

m 

CO 

o 

o 

o 

O 

o 

O 

o 

00 

CO 

00 

CM 

o 

o 

in 

rH 

CM 

OS 

o 

o 

o 

O 

o 

O 

o 

o 

o 

pH 

fH 

CM 

CO 

tn 

so 

OS 

iH 

CO 

o 

o 

o 

O 

o 

o 

fO 

CO 

CO 

CO 

CO 

CO 

CO 

CO 

CO 

CO 

CO 

CO 

VO 

CM 

‘O 

<D 

d 

d 

rH 

rH 

CM 

CO 

VO 

rH 

rH 

CO 

rH 

ON 

o 

rH 

o 

CO 

O 

O 

o 

o 

O 

O 

o 

o 

fH 

CM 

liO 

m 

o 

CO 

O 

O 

o 

O 

O 

O 

o 

o 

o 

• 

O 

o 

o 

o 

o 

• 

rH 

rH 

CM 

CO 

in 

O 

O 

o 

O 

o 

O 

o 

o 

o 

o 

CO 

Q 

Q 

CO 

o 

'0' 

O 

o 

O 

O 

o 

o 

O 

o 

o 

O 

m 

o 

in 

CM 

o 

Os 

s 

CO 

o 

pH 

O 

o 

o 

o 

o 

o 

o 

o 

o 

O 

00 

00 

OS 

o 

o 

CM 

CO 

m 

o 

O 

o 

o 

o 

o 

o 

o 

o 

rH 

rH 

iH 

rH 

CM 

CM 

CM 

CM 

CM 

CM 

CO 

CO 

in 

(O 

sO 

rH 

rH 

rH 

rH 

rH 

CM 

CO 

VO 

o 

Os 

CO 

CM 

O 

'O' 

o 

'0' 

o 

O 

o 

O 

o 

o 

O 

O 

o 

m 

00 

CO 

00 

CO 

Q 

m 

m 

vO 

o 

VO 

O 

o 

O 

o 

o 

O 

O 

o 

f>. 

00 

00 

os 

o 

o 

rH 

CM 

CO 

m 

VO 

O 

o 

O 

o 

o 

O 

O 

O 

rH 

rH 

rH 

rH 

rH 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CO 

VO 

CM 

in 

d 

d 

O 

tH 

rH 

CM 

CO 

VO 

'O' 

CM 

CO 

OS 

CM 

m 

O 

sO 

rH 

CM 

00 

'5' 

O 

so 

in 

'd- 

CO 

o 

rH 

CM 

CO 

SO 

os 

'0' 

o 

o 

Os 

OS 

00 

00 

00 

rv 

O 

o 

o 

• 

o 

O 

o 

o 

rH 

CM 

CM 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

O 

'd' 

in 

m 

C'. 

CM 

SO 

'3' 

sO 

CM 

00 

'3' 

o 

SO 

in 

HT 

CO 

CO 

Q 

'd' 

Os 

in 

CM 

rH 

rH 

O 

rH 

OS 

OS 

00 

00 

00 

rv 

5 

o 

o 

rH 

CM 

CO 

m 

OS 

rH 

m 

rH 

rH 

rH 

rH 

pH 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

CM 

CM 

CO 

'3 

sO 

CM 

in 

d 

d 

O 

rH 

rH 

CM 

CO 

vO 

o 

Os 

CO 

CM 

o 

'3^ 

O 

O 

Q 

o 

O 

o 

o 

o 

o 

O 

o  : 

o 

CO 

00 

CO 

00 

in 

CM 

o 

o 

rH 

Q 

o 

o 

O 

o 

o 

o 

o 

O 

o 

o 

o 

o 

rH 

CM 

CO 

'3' 

in 

o 

o 

o 

o 

o 

5 

o 

O 

o  ^ 

rH 

rH 

rH 

rH 

iH 

rH 

rH 

rH 

rH 

rH 

CM 

CM 

CO 

HJ- 

vO 

CM 

m 

d 

d 

d 

rH 

rH 

CM 

CO 

so 

o 

o 

CO 

o 

rH 

o 

CO 

o 

O 

o 

o 

o 

o 

O 

o 

O 

o 

O  ! 

in 

O 

in 

CM 

Q 

OS 

o 

CO 

o 

rH 

o 

o 

o 

o 

Q 

o 

o 

o 

o 

Q 

00 

00 

OS 

O 

o 

CM 

CO 

m 

o 

'3 

o 

o 

o 

o 

o 

o 

o 

d 

o 

o 

o 

iH 

rH 

rH 

rH 

pH 

pH 

CM 

CM 

CO 

vO 

CM 

m 

d 

d 

d  1 

rH 

rH 

CM 

CO 

so  < 

_j 

aO  lO 
PM  PM 


iPl  O  lO  O  •P'  S  ^ 

OOrHr.|tV|PM^fn 

dddcSoddd 


OmOiP>OmOinvor^ooo> 


AVERAGE  PACKET  DELAY  UPPER  BOUND  D,.  (fraimt) 


Figure  3.4.  Delay  eertuf  Throughput  Cunree  for  a  TOMA  Channel  Using  SR  ARQ  with  Pn-0.2 
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PACKET  NOISE  ERROR  PROBABILITY  P,y, 


Figure  3.6.  Maximum  Throughput  versus  Packet  Noise  Error  Probability  Curves 
for  a  TOMA  Channel  Using  SW,  Block  or  SR  ARQ  With  B.  ■  1,  Kj  ' 


Figure  3.7.  Delay  versus  Throughput  Curves  for  a  TDMA  Channel  Using  SW,  Block 
and  SR  ARQ  With  Bj  =  1,  Kj  =  5,  P,y|  =  0.2 
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CHAPTER  IV 


GROUP  RANDOM  ACCESS  USING  RANDOM  ACCESS 
ACKNOWLEDGMENT  PROTOCOLS 


The  Group  Random  Access  (GRA)  access-control  discipline  has  been 
developed  and  studied  by  Rubin  [12]  assuming  an  ideal  acknowledgment 
mechanism  is  provided  at  no  cost.  In  this  chapter  three  random 
access  acknowledgment  mechanisms  are  Incorporated  into  the  GRA  dis¬ 
cipline.  In  Section  4.1  the  GRA  channel  structure  and  the  results 
obtained  by  Rubin  are  reviewed  and  the  acknowledgment  protocols  are 
Introduced.  The  GRA  channel  under  the  Pure-Random  Access  acknowledg¬ 
ment  scheme  is  examined  in  Section  4.2.  In  Section  4.3  the  GRA 
channel  under  the  Multiple  Copy-Random  Access  acknowledgment  scheme 
is  studied,  and  the  GRA  channel  under  the  Period  Division-Random 
Access  acknowledgment  scheme  is  studied  in  Section  4.4.  Numerical 
examples  are  presented  in  Section  4.5. 

4.1  Introduction  to  the  GRA  Channel  Structure 

In  large  communication  networks,  situations  may  arise  which 
indicate  an  advantage  by  time-sharing  the  channel  among  families  of 
network  stations.  Families  may  be  distinguished  by  their  priorities, 
performance  requirements  or  by  the  statistics  and  nature  of  their 
communications.  Each  family  of  network  stations  can  access  the  channel 
under  an  appropriate  access-control  discipline  during  their  allocated 
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channel  access  periods.  Under  a  GRA  discipline,  a  group  of  network 
stations  is  provided  with  a  periodic  sequence  of  channel-access 
periods  to  gain  access  into  the  channel  using  a  random  access  disci¬ 
pline 


4.1.1  System  Description 

A  time  synchronized  channel  is  examined.  Time  (referenced  with 
respect  to  a  master  clock)  is  divided  into  equal-length  slots,  each 


of  duration  x  seconds.  The  start  of  a  message  transmission  across 
the  channel  must  coincide  with  the  beginning  of  a  slot.  In  addition. 


each  information-bearing  (data)  message  is  a  single  fixed-length 


packet  of  b  bits  (including  both  information  and  overhead  bits). 

The  transmission  rate  across  the  channel  Is  C  bits  per  second  and  the 


transmission  time  of  a  data  packet  is  set  equal  to  the  duration  of 


a  single  sloe  so  that 


T  =  b/C. 


The  network  stations  are  organized  into  families  (or  groups) 
which  share  the  channel  on  a  time  multiplex  basis.  Contiguous  slots 
are  organized  into  frames  and  each  family  is  allocated  a  fixed  portion 
of  a  frame  for  message  transmissions.  Each  family  of  network  stations 
can  access  the  channel  in  their  allocated  service  slots  under  an 
appropriate  channel  access-control  discipline.  In  particular,  a  group 
of  M  network  stations  which  uses  a  random  access  discipline  to  gain 
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access  into  the  channel  during  its  allocated  service  periods  is 
considered. 

Under  this  Group  Random  Access  channel  access-control  discipline, 
the  frame  length  is  fixed  at  K+P  slots.  The  channel  access  periods 
contain  K  slots  and  the  Interval  between  successive  periods  is  P 
slots.  Thus  the  group  of  network  stations  under  consideration  is 
provided  with  a  periodic  sequence  of  channel  access  periods  to  gain 
access  into  the  channel  as  illustrated  in  Figure  4.1. 

The  group  of  network  stations  is  characterized  as  a  large  popu¬ 
lation  of  low  duty-cycle  bursty  users  for  whom  a  random  access  dis¬ 
cipline  is  appropriate.  Furthermore,  it  is  assumed  that  each  station 
will  essentially  hold  at  most  one  message  in  its  transmit  buffer  at 
any  given  time;  and,  therefore,  queueing  effects  at  each  station  are 
insignificant.  Alternately,  buffer  storage  for  only  a  single  message 
could  be  provided  at  each  station  so  that  new  message  arrivals  are 
blocked  when  the  buffer  is  occupied.  Message  arrivals  at  each  station 
are  recorded  only  at  the  start  of  a  slot.  New  messages  arrive  at  the 
i-th  station  according  to  a  Poisson  stream  of  Intensity  messages 
per  slot.  The  overall  message  arrival  stream  for  the  group  of  network 
stations  is  described  by  a  Poisson  point  process  i  *  1,  2,  ..., 

K+P,  n  ^  1}  with  average  arrival  rate 

M 

A  ■  J  X  messages  per  slot 
1-1  ^ 

where  A^^  denotes  the  number  of  new  message  arrivals  In  the  1-th  slot 
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within  Che  n-th  frame. 


4.1.2  Basic  GRA  Channel  Access-Control  Discipline 

The  basic  GRA  discipline  has  been  studied  by  Rubin  assuming 
transmission  errors  result  only  from  transmission  collisions  (l.e., 
two  or  more  users  simultaneously  transmit  over  the  same  bandwidth). 
Transmission  errors  caused  by  localized  noise  sources  are  neglected. 
Thus  assuming  sufficient  coding  is  applied  to  detect  collisions  with 
probability  1,  transmissions  are  automatically  acknowledged  by  virtue 
of  the  broadcast  feature  of  the  channel.  Hence,  a  separate  acknow¬ 
ledgment  mechanism  may  not  be  necessary. 

For  this  automatic  acknowledgement  mechanism,  the  acknowledgment 
delay  is  equal  to  the  propagation  delay  (R)  of  the  channel.  Assuming 
the  Interval  between  successive  channel  access  periods  (P)  is  larger 
than  the  propagation  delay  P  ^  R,  collisions  in  the  n-th  channel 
access  period  are  detected  prior  to  the  (n+l)-st  period  (HACK  received) 
and  the  colliding  packets  are  retransmitted  in  the  (n+l)-st  period. 
Therefore,  the  basic  GRA  channel  operates  as  follows. 

Protocol;  Basic  GRA  Discipline 

(1)  New  message  arrivals  which  are  admitted  by  the  network 
control  procedure  are 

i)  transmitted  immediately,  if  they  arrive  during  a  channel 
access  period 
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11)  Cranumltted  In  Che  next  channel  access  period  In  a 

slot  determined  by  a  uniform  distribution  over  the  K 
available  service  slots,  If  they  arrive  In  the  Interval 
between  periods. 

Messages  which  are  not  admitted  by  the  network  control 
procedure  are  rejected. 

(2)  Each  Information  packet  colliding  within  the  n-th  period 
Is  retransmitted  within  the  (n+D-st  period  In  a  slot 
determined  by  a  uniform  distribution  over  the  K  available 
service  slots. 

(3)  Each  Information  packet  admitted  by  the  network  control 
procedure  Is  transmitted  and  retransmitted  until  success¬ 
fully  transmitted  collision-free. 

The  basic  CRA  protocol  provides  for  a  network  control  procedure 
to  reject  certain  new  message  arrivals.  Rejected  messages  are  lost 
or  they  must  attempt  to  gain  admittance  at  a  later  time  under  appro¬ 
priate  arrival  statistics.  This  packet  rejection  procedure  provides 
the  necessary  control  to  stabilize  the  Inherently  unstable  random 
access  channels  and  yield  finite  average  delays. 

Rubin  considers  a  class  of  binary  control  strategies  that  either 
accept  or  reject  all  new  message  arrivals  within  each  frame.  The 
optimal  control  strategy  which  yields  the  minimal  average  packet  delay 


under  a  prescribed  maximal  value  of  probability  of  rejection  Involves 
a  single-threshold  structure.  Assuming  the  total  number  of  colliding 
packets  In  a  period  can  be  observed  by  each  station*,  the  optimal 
control  procedure  accepts  or  rejects  new  message  arrivals  within  a 
frame  depending  on  whether  the  number  of  colliding  packets  In  the 
previous  period  is  below  or  above  a  threshold.  Thus  an  important  per¬ 
formance  index  for  the  URA  discipline  Is  the  probability  of  packet 
rejection  (Pj^)  • 

Another  performance  measure  Is  channel  throughput  X,  the  average 
(steady  state)  rate  of  successful  packet  transmissions  per  service  slot. 
Since  all  message  arrivals  admitted  by  the  network  control  procedure  are 
transmitted/retransmitted  until  successful,  throughput  is  given  by 


X(K  +  P)  (1  -  Pj^) 


Moreover,  the  maximum  throughput  Is  upper  bounded  by 


(X.l) 


& 


-I 

e 


(4.2) 


where 


^ic- 


-1, 


(ic  -  1)  mil  +  (K  -  1)  ] 


*In  general,  the  network  stations  may  not  be  able  to  observe  the  total 
number  of  colliding  packets  In  a  period.  The  stations  may  only  observe 
the  number  of  collision-free  packet  transmissions  and  the  mimber  ot 
slots  which  experience  collision  in  each  period.  Within  the  range  of 
acceptable  delay  and  probability  of  rejection  values,  Rubin  1121  has 
demonstrated  that  these  observations  provide  equivalent  performance. 
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Packet  delay  Is  measured  (in  slots)  from  the  moment  of  message 
arrival  at  the  source  station  to  the  moment  when  the  message  Is 
correctly  received  by  the  destination  station.  The  average  steady- 
state  packet  delay  is  given  by 

P  ^ 

E(D„)  -  -  +  (P  +  K)  - 2—  +  R  +  1  (A. 3) 

^  ^  R  A 

where  is  the  number  of  collisions  (number  of  colliding  packets) 
in  the  n-th  period  and  the  expectations  are  with  respect  to  the 
stationary  distribution. 

4.1.3  Acknowledgment  Mechanisms 

The  basic  GRA  channel  access-control  discipline  reviewed  in 
Section  4.1.2  is  appropriate  when  transmission  errors  evolve  strictly 
from  transmission  collisions.  Since  the  network  stations  receive 
all  packet  transmissions  (broadcast  feature),  the  source  stations 
can  detect  these  collisions  and  retransmit  accordingly.  Thus,  a 
positive-negative  acknowledgment  system  is  provided  automatically 
by  the  nature  of  the  channel. 

Actual  networks,  however,  can  experience  random  transmission 
errors.  These  errors  can  be  local  In  nature  such  that  the  automatic 
acknowledgment  system  provided  by  the  broadcast  feature  is  inadequate. 
For  example,  errors  can  be  Introduced  at  the  destination  station, 
while  the  source  station  receives  its  own  transmission  errorless 
(PACK).  Therefore,  a  separate  acknowledgment  mechanism  should  be 
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Incorporated  to  Insure  the  Integrity  of  the  transmitted  data. 

Many  previous  studies,  concerning  communications  over  the  multi¬ 
access  broadcast  channel,  assume  the  acknowledgment  traffic  is  c.arrled 
over  a  channel  separate  from  the  data  cltannel  under  Investigation. 
Moreover,  the  acknowledgments  are  assumed  to  be  delivered  reliably 
and  at  no  cost.  But  It  has  become  Increasingly  apparent  in  recent 
years  that  bandwidth  Is  a  limited  resource;  and,  therefore,  the 
required  acknowledgment  traffic  cannot  be  carried  without  cost. 

Hence,  the  operation  of  the  GRA  channel  using  ARQ  error  control  pro¬ 
cedures  Is  examined  under  several  acknowledgment  mechanisms  which 
adhere  to  the  philosophy  of  the  GRA  channel  structure.  Specifically, 
positive  acknowledgment  with  time-out  Is  considered.  The  required 
PACKS  are  transmitted  only  during  the  allocated  channel  access  periods; 
and,  hence,  they  compete  with  the  information  packet  transmissions  for 
the  available  channel  resources. 

Random  transmission  errors  in  PACK  transmissions  are  assumed 
negligible  and  single-frame  acknowledgment  delays  are  assumed.  In 
this  chapter,  however,  random  access  acknowledgment  schemes  are 
investigated.  PACKs  contend  for  channel  access  on  a  random  access 
basis;  thus  PACKs  can  be  destroyed  by  collision.  Hence,  the  channel 
operates  as  follows.  Information  packets  which  experience  collision 
in  the  n-th  period  are  retransmitted  In  the  (n+l)-st  period.  Collision- 
free  information  packet  transmissions  are  acknowledged  in  the  (n+l)-st 
period  with  PACK  transmissions.  PACKs  returned  successf  illy  within 
the  acknowledgment  time-out  Interval  allow  the  acknowledged  Information 
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packets  to  be  dropped  from  the  source  stations'  buffers.  Unacknow¬ 
ledged  information  packet  transmissions  (PACK  collisions)  require 
their  retransmission  after  the  time-out  Interval  expires.  In  particu¬ 
lar,  the  acknowledgement  time-out  interval  is  fixed  at  two  GRA  frames 
(l.e.,  a  PACK  collision  in  the  (n+l)-st  period  requires  the  Information 
packet  retransmission  in  the  (n+2)-nd  period).  Alternative  schemes 
with  longer  time-out  intervals  are  possible.  Such  schemes,  for 
example,  could  allow  each  collision-tree  Information  packet  to  be 
acknowledged  by  PACK  transmissions  in  successive  channel  access 
periods  within  the  time-out  Interval.  These  methods  may  increase 
the  probability  that  a  collision-free  information  packet  transmission 
is  successfully  acknowledged. 

In  this  chapter,  three  random  access  acknowledgment  implementations 
are  investigated: 


•Pure-Random  Access  (PRA) 

•Multiple  Copy  -  Random  Access  (MCRA) 
•Period  Division  -  Random  Access  (PDRA) . 


PACK  transmissions  contend  for  channel  access  on  a  random  access 
basis.  Under  the  PRA  scheme,  information  packets  and  PACKs  contend 
in  each  period  for  the  same  K  service  slots.  Under  the  MCRA  scheme, 
acknowledgment  traffic  is  given  preference  over  data  traffic  by 
sending  multiple.  Identical  PACKS  (in  a  single  period)  for  each 
collision-free  information  packet  transmission.  Although  these 
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multiple  copies  may  Increase  the  total  load  on  the  channel,  the  pre¬ 
ference  given  to  acknowledgment  traffic  can  Increase  the  successful 
PACK  transmission  rate  and,  thereby,  provide  larger  throughput  values 
than  achievable  under  the  PRA  scheme.  Another  method  to  give  preference 
to  acknowledgment  traffic  is  to  properly  partition  each  channel  access 
period  into  two  subperiods.  Under  this  PDRA  scheme,  information 
packets  are  transmitted  on  a  random  access  basis  within  one  subperiod, 
and  PACKS  are  transmitted  random  access  within  the  second  subperiod. 

4 . 2  Pure  -  Random  Access  Acknowledgment  Scheme 

Under  the  PRA  acknowledgment  scheme,  infonwitlon  packets  and 
PACKS  gain  channel  access  on  a  random  access  basis.  These  packets 
contend  over  the  K  service  slots  in  each  period.  The  CRA  channel 
using  the  PRA  acknowledgment  scheme  operates  as  follows. 

Protocol:  GRA  Discipline  -  PRA  ACK  Scheme 

(1)  and  (2)  See  the  corresponding  steps  under  the  basic  CRA 
discipline  (Section  4.1.2). 

(3)  For  each  collision-free  information  packet  transmission 
within  the  n-th  period,  a  PACK  is  transmitted  within  the 
(n+l)-st  period  In  a  slot  determined  by  a  uniform  distribution 
over  the  K  available  service  slots. 
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(A)  Each  collision-free  Information  packet  transmission  wltliin 
the  n-th  period  which  remains  unacknowledged  at  the  end  of 
the  two  frame  acknowledgment  time-out  interval  (PACK  colli¬ 
sion)  Is  retransmitted  within  the  (n+2)-nd  period  in  a  slot 
determined  by  a  uniform  distribution  over  the  K  available 
service  slots. 

(5)  Each  information  packet  admitted  by  the  network  control 

procedure  Is  transmitted  and  retransmitted  until  successfully 
acknowledged  by  a  collision-free  PACK. 

4.2.1  Channel  State  Process 

The  evolution  of  this  channel  is  described  by  a  vector  Markov 
chain  7.  •  [Z  ,  n  1  (  over  the  space  x  db  x  d^^*^  where  d  is  the 
set  of  non-negative  Integers,  d^  -  {0,  1,  2,  ....  K)  and 

?n  *  i  '  1.2 . K).  n  »  1.2 . K) , 

(A^^,  1  =  1.2,....K+P)}. 

Tlie  variables  and  T^^^  denote  the  number  of  information  packet 

retransmissions  and  the  nvmber  of  PACK  transmissions,  respectively, 

allocated  to  the  1-th  slot  within  the  n-th  channel  access  period. 

The  number  of  new  message  arrivals  in  the  1-th  slot  within  the  n-th 

frame  is  denoted  by  A  ^ . 

ni 
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The  network,  control  procedure  on  new  message  arrivals,  which 
stabilizes  this  random  a.-  sss  channel.  Is  characterized  by  a  sequence 
of  binary  control  functions  {0^,  n  1 }  where 


I  0  If  all  new  message  arrivals  within  the  n-th 
I  frame  are  accepted  for  channel  access 


1  If  all  new  message  arrivals  within  the  n-th 
\  frame  are  rejected 


These  control  variables  Induce  the  controlled  arrival  process 
(C) 

,  1-  1,  2,  ...,  K+P,  n  2.  1  ^  where 


(1  -  C  )  A 
n 


ni 


(4.s) 


Let  the  variables  R  and  denote  the  jmmber  of  collisions 

n  n 

(Information  packets  and  PACKs)  and  the  number  of  col  1 ision-f ree 
information  packet  transmissions,  respectively,  in  the  n-tli  period. 
By  definition. 


R 

n 


K 

I 


1-1 


T 


(1) 

n+l,i 


and 


a(I)  _  c  «(A) 
n  n+l,i 


(4.M 
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since  the  number  of  Information  packet  retransmissions  in  the  (n+l)-st 
period  is  equal  to  the  number  of  collisions  in  the  n-th  period,  and  the 
number  of  PACK  transmissions  in  the  (n+l)-st  period  is  equal  to  the 
number  of  collision-free  information  packet  transmissions  in  the  n-th 
period.  Furthermore,  the  variables  R  and  are  determined  by 

the  following  relationships: 


R 

n 


ni 


(4.7) 


;(I) 


I 

1-1 


(4.8) 


where  R  and  represent  the  number  of  collisions  and  collision- 

ni  ni 

free  information  packet  transmissions,  respectively,  in  the  i-th 
slot  within  the  n-th  period.  A  collision  occurs  when  two  or  more 
packets  are  simultaneously  transmitted;  hence. 


ni 


(N  ,  +  T^P)  I(N  ,  +  >  1) 

ni  ni  ni  ni 


(4.9) 


and 


-  I(N  .  =  1,  =  0) 

ni  ni  ni 


(4.10) 


where  n  ^  I,  1  =  1,  2,  ...,  K  and  denotes  the  number  of  information 

packet  transmissions  in  the  i-th  slot  within  the  n-th  period.  The 

sequence  (N  , ,  I  <  i  <  ft,  n  >  1 }  is  determined  bv 
ni  —  —  — 


9U 


(4.11) 


S  ,  .  tH)  *  *<0  ,  +  A<0 
nl  ni  n,P+i  ni 


where  k  /  denotes  the  number  of  new  message  arrivals  in  the  first 
ni 

P  slots  of  the  n-th  frame  allocated  for  transmission  in  the  1-th  slot 

within  the  n-th  period. 

-  (O 

The  sequence  }  is  governed  by  the  multinomial  distribution 


P{A 


hi 


1  £  1  i « I A<«  .  j)  - 


.(K) 


J  *  ^2  *  *  •  •  * 


(4.12) 


where  0  £  a  <  j ,  1  ^  i  £  K,  J  a  =  j.  Similarly,  since  the  position 
^  i=l  ^ 

of  an  information  packet  retransmission  and  the  position  of  a  PACK 

transmission  are  both  determined  by  uniform  distributions  over  [1,  K] , 

(T^^?  .}  and  .}  are  governed  by  multinomial  distributions: 

n  •  X  y  i  n '  X  y  i 


'■<^^+1,1  -  “i-  1  £  ‘  i  ■'I'n  ■  ■  «r'  <“!•  “2 . V 


(K) 


(4.13) 


where 


rv 

0<a  <j,lli<^K,  I  a=j 
^  1=1 


and 


P{T 


1  i  ^  (e,.  0,.  •••.  0i>)  (^-1^) 

n+l,i  i—  —  'n  J  i/  n 


where 


O<0<J,l<i<K,  I  e.  «  j 
~  i  1-1  ^ 
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luHiiit  li'iu»  -  (•'t.lA)  vtolil  t  hi'  I  I  iiKri  I  (  It'll  )<it>hat<(  t  1(  V  tiuivllt'n 


tor  t  lu'  voftt'f  Murkov  flmtn  Onr  ohnorvi'ji  that  t  ho  uiiooiit  rt'l  toil 

now  mossti^o  arrival  varlal'loH  (•  *  “  •’ . tttl'l  aro 

at  at  tat  loa  I  ly  liulopoiulont  ot  aiui  tliat  (  |  ji  *  “  li  •’ . I' I 

aiul  ( ,,  t  -  1,  ...,  ttl  tloponil  t'li  Z  I'lilv  ttirou^h  X  - 

nfl.t  n  n  n 

R^^).  Mt'roovor,  t  lio  aotjuonoo  X  ”  la  a  vootoi  ^^^ll■kl'v  otialn 

ovor  tlio  apai'o  iL  \  li.  \  t  low  illa);ram  IntlU'atln^  t  lio  tranaltliin 

K 

X  *  X  la  ahown  In  Klunro  A..’, 
n  11+ 1 

(Vn  appropr  tat  o  ohotoo  tor  t  l\o  htnarv  ot'ntrol  tniiottv'na  n  '  I  1 

la  ono  which  atahlllr.oa  t  ho  channol  at'  that  t  ho  Markt'v  alato  aoiinoncos 
/.  aiitl  X  aro  I  r  rottnc  Ih  I  o ,  posit  Ivo  rocnrront  .  iX'naltlor  t  ho  tt'llt'wlnn 
a  Inn  lo-t  hroaho  Itl  hlnarv  control  tnnctlt'n: 

II  ,  -  ♦  K  ^  N,„'>  lA.lM 

n+l  n  n  1 

Ni'w  TOoaaano  arrival  a  In  the  (ntO-at  t  ramo  ar»'  rolt'clotl  U  the  tv'tal 
nnml'or  ot  tnt  t'rmat  li>n  packet  rot  ranam i aa li'iia  aiul  I'At'K  t  ranamiaalt'iis 
achotliilotl  t't'f  t  ho  (n+l)-at  porlotl  la  nroator  than  t'r  otjnal  1 1'  1  ho 
(llnttol  t  I  xotl  throaht'lil  N^^,.  'riiua  thla  t't'iitit'l  tnnctlon  athnlta  now 
moaaano  atrlvala  t'lilv  whon  tho  It'ail  on  t  hi'  channol  ta  loaa  than  N.j,. 

riopt'attlon  A,1 

Tho  vot'ti'r  Markt'V  chaina  anti  X,  which  tloacrlho  tho  ovt'lnt  It'ii 
t'l  tho  iIRA  channol  niulor  tho  I’RA  ackiu'wlotlnomont  achoiiu',  aro  ornt'tllc 
iiainn  a  li'nlo-t  hroalu'ltl  hlnarv  control  tnnctlon  tiol  tnotl  hv  lA,l‘'K 


Fi(iir«4.2  TrMHltfon  for  th*  Markov  Stata  Ctiain  X  Aaaociatod  writli  tha 

Ditciplina  Undar  tha  PRA  ACK  Seliama 
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Proof 


See  Appendix  C. 

Channel  throughput  is  defined  as  the  average  number  of  successful 

Information  packet  transmissions  per  service  slot.  Under  the  random 

access  acknowledgment  schemes,  a  successful  Information  packet 

transmission  is  an  information  packet  received  by  the  destination 

station  without  errors  and  positively  acknowledged  by  a  colllsion- 

'(A) 

free  PACK  transmission.  Let  S  denote  the  number  of  collislon- 

n 

free  PACK  transmissions  in  the  n-th  period.  Throughput  is  given  by 

N  S 

A  -  lim  i  E{  ^  (A.  16) 

N-kb  ”  n-1  R 

It  also  expresses  the  channel  output  rate  and  under  the  network 
control  procedure  on  new  message  arrivals,  it  is  given  by  (A.l). 

An  upper  bound  on  throughput  is  presented  in  the  following  theorem. 


Theorem  4.1 

The  throughput  of  the  GRA  channel  under  the  PRA  acknowledgment 
sclieme  with  K  slots  per  period  Is  upper  bounded  by 
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Proof 


VjCli)  -  (1  -  (1  -  . 

k 


l ho  varlablo  Is  given  by 


-  I  -IN  -  0) 

n  '  nl  ’  nl  ^  • 


(4.18) 


n  '  1.  By  the  multinomial  distribution  (4,U),  Is  governed  by 

a  binomial  distribution,  1  :^1<  k.  From  (4.11)  -  (4.11)  N  Is 

’  nl 

governed  by  a  binomial  distribution  given 


N»>  -In,, 

"  >1 


(4. Id) 


1  1  ^  k.  Hence, 


(I)  1  ^ 

F.{S^*|  (1  -  i)  '' 

n-1 


(4.20) 


From  (4.10),  similar  arguments  yield 


R(S^‘S  -  KIN 


o(l)  .  v,(I)  , 

(1  -  1)  ” 


(4.21) 


Irom  (4.20),  ^)  •"  and,  therelore. 


,  N  ^ ^ 
j  s  i  -  iim  i  E{  };  -S— 1 
n-1  k 


(4.22) 
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olvon  is 


From  (A. 21) 


tlu-  coiHlUionnl  cxiu'ctiit  ion  »• 


n‘"-1 


'•  n  '  n-l  K 


Using  tlu'  linear  bound 


;;(1) 

V"-*  iVj(ii)  s;;^5  *  1 
k 


(A.2A) 


and  applying  the  Inequality 


(A.  2*)) 


X.  f  .  ,1  I  i«lon-l  roe  Inlormallon 

to  (A. 23).  the  limiting  average  number  of  colllslo 


packet  tr 


V  (K) 
o 


'  1 1  +  V  (k)  V  (k)  ik 

*  O  A 


<  V  (K) 
o 


(A. 2b) 


where 


V  (K,  .  o-'  +  (it  -  l>''l 

o 


Uk,5-i 

V  (k)  -  (1  -  (I  -  -)  IK  , 
•  K 


The  desired  upper  bound  on  throughput 


follows  from  lA.22)  and  (A.2b> 


O.K.n 
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The  upper  bound  on  throughput  given  by  (4.17)  is  not  expected 
to  be  tight  since  4^  is  used  to  bound  J.  Because  PACKs  are  transmitted 
on  a  random  access  basis,  this  bound  is  expected  to  be  excessive  by 
a  factor  of  approximately  e.  To  derive  an  approximation  for  the 
maximum  throughput  4  ,  add  (4.20)  and  (4.21)  and  apply  (4.25)  which 

T&SX 

yields 

<  \!  (K)  (4.27) 

n  n  o 


with  equality  If 


+  N 

n-1  n 


(I) 


lln[(l  -  -) 

ic 


(4.2W 


Equations  (4.27)  and  (4.28)  suggest  that  the  maximum  number  of  colli¬ 
sion-free  transmissions  per  period  is  achieved  when  the  total  number 
of  transmissions  per  period  is  equal  to  the  integer  part  of  V^(R). 
Assuming  (4.28)  provides  an  approximate  condition  for  maximum  through¬ 
put,  substituting  (4.28)  into  (4.20)  and  (4.21)  yields  the  following 
approximation: 


4 

max 


max 


-1 

e 


(4.29) 


where 


max 


e"^  V2(K) 

icd  +  e“^)  -  1 
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A  straightforward  simulation  of  the  Markov  chain  X  under  the  con¬ 
trol  function  (4.15)  has  been  used  to  compute  maximum  throughput 
values  for  K  ■  6,  12,  18.  These  results  are  presented  in  Table  4.1. 
Results  for  the  upper  bound  (4.17)  and  the  approximation  (4.29) 
are  also  tabulated.  These  results  Indicate  that  (4.29)  is  a  fairly 
good  approximation. 


TABLE  4.1.  MAXIMUM  THROUGHPUT  VALUES  FOR  THE  GRA 
DISCIPLINE  UNDER  THE  PRA  ACK  SCHEME 


Maximum  Throughput 

K 

Simulation 

Approx imat ion 
(4.29) 

Upper  Bound 
(4.17) 

6 

0.13 

0.124 

0.318 

12 

C.12 

0.110 

0.308 

18 

0.11 

0.106 

0.305 

4.2.2  Packet  Delay  Analysis 

The  delay  (measured  in  slots)  of  the  n-th  message  is  decomposed 
into  the  sum 


D^  -  W  +  R  +  1  (4.30) 

S  n 
n 

where  is  the  system  waiting  time  of  the  n-th  message  measured  from 
its  arrival  slot  to  the  transmission  slot  of  its  collision-free  PACK. 
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.V 


The  single  slot  and  R  slot  durations  In  (A. 30)  represent  the  transmis¬ 
sion  time  and  the  propagation  delay  of  the  collision-free  PACK. 

This  delay  measures  the  holding  time  of  the  n-th  message  in  the  source 
station's  buffer;  It  Is  the  Interval  between  message  arrival  and  its 
positive  acknowledgement  by  a  collision-free  PACK.  The  limiting 
average  delay  is  given  by 


E(Dg)  -  E(W)  +  R  +  1 


(4.31) 


where  the  limiting  average  system  waiting  time  can  be  expressed  as 
the  limit  (when  it  exists) 


E(W)  -  11m  i  E{  y  W  }  .  (4.32) 

N-x»  **  n-1  ^ 

Under  an  uncontrolled  GRA  access-control  discipline,  the  channel 

state  sequences  are  transient,  yielding  unbounded  limiting  average 

packet  delay.  Therefore,  an  appropriate  network  control  function 

0  ■  0(*)  such  as  (4.15)  is  chosen  so  that  the  vector  Markov  chains 

n 

Z  and  X  are  irreducible,  positive  recurrent.  The  transition  prob¬ 
ability  functions  and  stationary  distributions  of  Z  and  X  are  denoted 
by  respectively. 

Let  N(Z^,  represent  the  number  of  new  message  arrivals 

admitted  in  the  n-th  frame  and  let  W(Z  ,  Z  .,)  denote  the  sum  of  the 

n  n+1 

waiting-time  components  of  all  packets  transmitted  during  the  n-th 
period.  The  functions  N(-)  and  0(*)  are  time-homogeneous  functions 
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^n+1^'  sequence  (Y^,  n  ^  1}  is  an 

Irreducible,  positive  recurrent  Markov  chain  with  stationary  distri¬ 
bution  {ttU,  j^)}  where  Tr(i,  j^)  -  tt  U)  p  (l,  j ) . 


Lemma  4.1 


(4.33) 


where 


Proof 


Vi>>  ■  i,  W(i,  i)  Tr(i,  i) 

A*i 


Considering  nondegenerate  controls  that  yield  a  packet  rejection 

probability  less  than  one  (P  <  1), 

R 


lim  I  N(Z  Z  ) 
N-»®  n«l  " 


w.p.l 


(4.34) 


Therefore, 


11m  — 
N 


I  W(Z  Z  ) 

n-1  " 


w.p.l 


(4.35) 
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By  .pplylng  «  Markov  ratio  Halt  th.or.a  In  Chong  156)  to  both  ald.a 
Of  (4.35)^ 


11m 

N-*oo 


N 


I 

n-1 


W 

n 


N 


“  lim 


N 

I 


n-1 


E(W  ) 
n 


N 


w.p.  1 


(4.36) 


and 


llm 

N-+<« 


I  Z 


n-1 


n’  n+1' 


N 

n-1  ” 


Vl)> 

'‘"‘^^n-  Vl” 


W.p.l 


(4.37) 


Equation  (4.33)  follows  by  substituting  (4.36)  and  (4.37)  into  (4.35). 

Q.E.D. 


Applying  Umma  4.1,  the  limiting  average  packet  delay  can  be  com 
puted  as  follows. 


Theorem  4.2 

With  the  operation  of  a  controlled  GRA  channel  under  the  PRA 

acknowledgment  scheme  described  by  an  irreducible,  positive  recurrent 

Markov  state  sequence  Z,  the  limiting  average  packet  delay  is  given 
by 


E(D^) 


(ic+p) 


E(§^^^) 

n 


+  (K+P) 


E(S^^^) 

n 

E(S^^S 

n 


+  R  +  1 


(4.38) 
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where  the  expectations  are  w.r.t.  the  stationary  distribution 
Proof 

For  the  controlled  GRA  channel, 


n  n+1  n 


(C) 


(4.39) 


(C)  (C) 

where  A^^  .  Since  each  message  admitted  by  the  network 
control  procedure  is  served  until  acknowledged  by  a  collision-free 
PACK,  in  equilibrium  applying  the  stationary  distribution  {TT(j.,i)}, 


(4.40) 


and,  therefore. 


Vi)>  ■ 


(4.41) 


The  system  waiting  time  function  W(Z^,  Z^^^)  is  decomposed  into 
the  sum 


(4.41) 


where  W^(Z^,  Z^^^)  is  the  sum  of  the  waiting  time  components  of  all 
new  message  arrivals  in  the  n-th  frame  measured  from  the  arrival  slot 
to  the  transmission  slot  and  W^(Z^,  is  the  sum  of  the  waiting 
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time  components  of  all  packets  (both  Information  packets  and  PACKs) 

transmitted  during  the  n-th  period  measured  from  the  transmission 

slot  in  the  n-th  period  to  the  resultant  action  slot  in  the  (n+l)-st 

period.  Since  new  message  arrivals  in  the  n-th  period  are  transmitted 

immediately,  only  those  messages  which  arrive  during  the  P  non-service 

slots  contribute  to  Q  (Z  ,  Z  Therefore, 

o  n  n+1 


W  (Z  ,  Z  ) 
o  n’  n+1 


PA^^^  +  (P-Da*-,'  + 
nl  n2 


+  A 


(C) 

nP 


*  a‘5>  *  2*<« 

n2  n3 


+  (K-l)A^?^ 
nK 


(A. 43) 


Collislon-f ree  PACK  transmissions  in  the  n-th  period,  require 
no  action  in  the  (n+l)-st  period.  Collision-free  information  packet 
transmissions  in  the  n-th  period  require  P.\CK  transmissions  within 
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the  (n+l)-8t  period.  Each  Information  packet  collision  or  PACK 
collision  in  the  n-th  period,  requires  the  retransmission  of  the 
appropriate  information  packet  within  the  (n+l)-st  period  Therefore, 


•  '*  "nl  ♦  'nit  * 


+  +  2t’^J  t  ...  +  (K-DT*’)  - 

n+1,2  n+1,3  n+l,K 


+  K  +  (K-1)§^5^  +  ...  +  +  P 

nl  n2  nK  n 


By  symmetry 


Therefore , 


+  T^^J  +  2T^^J  +  ...  +  (K-l)T^^J  ••  . 

n+1,2  n+1,3  n+l,K 


(4.47) 


E(R  .)  =  E(T^_^;  .)  =  - — 

nl  n+l,i 


1  <  i  <  K 


(4.^8) 


and 


E(S^»)  -  E(T<*>_,) 


E(S^^^) 

n 


1  <  i  <  K  .  (4.49) 


E{W,  (Z  ,Z  ^,)}  -  (K+P)  E(R  )  +  (ic+P)  E(§^^^) 
i  n  n+l  n  n 


(4.50) 


Hence,  E(W)  is  computed  by  applying  Lenma  4.1  using  (4.41), 
(4.46)  and  (4.50).  The  limiting  average  packet  delay  (4.38)  follows 
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from  (4.31). 


Q.E.D. 

The  terms  E(R  )/E(S^^^)  and  E(S^^^)/E(S^^^)  represent  the  average 
n  n  n  n 

number  of  information  packet  retransmissions  per  admitted  message  and 
the  average  number  of  PACK  transmissions  per  admitted  message, 
respectively.  Thus  (4.38)  indicates  that  each  information  packet 
retransmission  and  each  PACK  transmission  contributes  an  average  delay 
of  K+P  slots. 

4 . 3  Multiple  Copy  -  Random  Access  Acknowledgment  Scheme 

Under  the  MCRA  acknowledgment  scheme,  information  packets  and 
PACKS  gain  channel  access  on  a  random  access  basis.  Like  the  PRA 
scheme  both  information  packets  and  PACKs  contend  over  the  K  service 
slots  in  each  period.  However,  under  the  MCRA  scheme,  acknowledgment 
traffic  is  given  preference  over  data  traffic  by  sending  multiple, 
identical  PACKs  in  the  same  period  for  each  collision-free  information 
packet  transmission  in  the  previous  period.  The  GRA  channel  using  the 
MCRA  acknowledgment  scheme  operates  as  follows. 

Protocol;  GRA  Discipline  -  MCRA  ACK  Scheme 
(1)  and  (2)  See  the  corresponding  steps  under  the  basic  GRA 
discipline  (Section  4.1.2). 
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(3)  For  each  collision-free  information  packet  transmitted 

within  the  n-tl»  period,  >  identical  I’AFKs  are  t  ransmlt  t  e»l 

within  the  (n+l)-8t  period  in  illst  inct  service  slcits.  F^icli 

of  the  (*^)  PACK  transmission  allocations  is  equal  Iv  llkelv. 
Y 

(4)  Each  collision-free  information  packet  transmission  within 
the  n-th  period  which  remains  unacknowledged  at  the  end  of 
the  two  frame  acknowledgment  time-out  interval  (l,e.,  all 

V  identical  PACKS  transmitted  within  the  (n+l)-8t  period 
experience  collision)  is  retransmitted  within  the  (n+2)-nd 
period  in  a  slot  determined  by  a  uniform  distribution  over 
the  K  available  service  slots. 

(5)  Each  Infornujtion  packet  admitted  by  the  network  control 
procedure  is  transmitted  and  retransmitted  until  success¬ 
fully  acknowledged  by  a  collision-free  PAt’K  (l.e.,  by  at 
least  one  of  the  >  identical  PACKs), 

4.3.1  Channel  State  Process 

The  evolution  of  this  channel  is  described  by  a  vector  fkirkov 
chain  7.  •  n  >  1)  over  the  space  x  x  x  where  d 

is  the  set  of  non-negative  integers,  -  iO,  I,  ...,  Kt,  i/j  ”  10,  ll 
and 
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1  -  1.  2,  ....  ii).  t  .  1.  2 . it). 

(A^^,  1  -  1,  2 . K+P),  1  -  1,  2 . K)}  . 


The  variables  and  A  .  were  previously  defined  In  Section 

ni  *  ni  nl 

4.2.1  under  the  PRA  acknowledgment  scheme.  The  variables  T^J^^  and 
(A) 

T  denote  the  number  of  Information  packet  retransmissions  and  the 
nl 

number  of  PACK  transmissions,  respectively,  In  the  1-th  slot  within 

the  n-th  period,  n  ^  1,  1  ^  1  ^  K.  The  number  of  uncontrolled  new 

message  arrivals  In  the  1-th  slot  within  the  n-th  frame  Is  denoted 

-fAl 

byA,n>l,  lti<  K+P.  The  0-1  variable  S  .  Indicates  the 
nl’  —  *  _  —  ni 

occurrence  of  a  first  collision-free  PACK  transmission  among  the  y 

copies  in  the  1-th  slot  within  the  n-th  period. 

Let  denote  the  number  of  Information  packet  collisions  within 

(A) 

the  n-th  period  and  let  denote  the  number  of  Information  packets 

unsuccessfully  acknowledged  within  the  n-th  period.  An  unsuccessful 
acknowledgment  occurs  when  each  of  the  y  PACKs  (associated  with  a 
single  collision-free  information  packet  transmission)  experiences 
collision.  Then  the  effective  number  of  collisions  within  the  n-th 
period  or,  equivalently,  the  number  of  Information  packets  which  must 
be  retransmitted  within  the  (n-bl)-8t  period  is  denoted  by  the  sum 


R  -  R^^^  +  R^^^ 
n  n  n 


(4.51) 


The  variable  R^  la  also  expressed  by  (4.5);  and,  therefore  i^  f-'’ 
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govi'rnod  by  the  multinomial  dlatrlbutlon  (A.  13). 

The  number  of  Information  packet  collisions  within  the  n-lh 
period  Is  determined  by 


K<'> 


(4.W) 


where  Is  the  number  of  information  packet  collisions  in  the 

n  1 

slot  within  the  n-th  period: 


1-th 


nl 


nl 


■'"nl  i 


I,  N  ,  +  T 
nl 


,.(A) 


nl 


1) 


(A. S3) 


The  number  of  Information  packet  transmissions  in  the  1-th  slot 

within  the  n-th  period,  Is  specified  by  (A .  1 1) . 

For  each  of  the  collision-free  information  packet  transmls- 

n 

slons  within  the  n-th  period,  y  PACKS  are  transmitted  within  the 
(n+t)-st  period.  Let  T(n4-1,  1,  m)  Indicate  a  PACK  transmission  In 
the  l-th  slot  within  the  (n+l)-st  period  for  the  m-th  col  I Islon-t ree 
information  packet  transmission  within  the  n-th  period: 


T(n+1,  1,  m) 


If  PACK  transmission 


If  no  PACK  transmission 


,(1) 

where  n  ^  1 ,  1  2.  ^  2,  . . . ,  .  The  set  ol  allocations 

(T(n,  1,  m),  1  1  <  lit  Is  governed  by 
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(4.54) 


P(T(n,  1,  m)  -  a^,  1  <  1  <  K)  - 

^  (,) 


where 
coefficient 


l\. 

a  e  {0,  1),  1  <  1  <  k,  J  a  - 

^  1-1 


Y  and  (  )  denotes  the  binomial 


(K) - - 

^  y!  (K  -  y)1 


(4.55) 


Thus  the  total  number  of  PACK  transmissions  In  the  1-th  slot  within 
the  (n4-l)-st  period  Is  given  by* 


5»> 

-  J,  ”>  • 


(4.56) 


The  number  of  collision-free  information  packet  transmissions  within 
the  n-th  period  Is  specified  by 


-  N  - 

n  n  n 


(4.57) 


K 

where  N  -  /  N  . . 

n  ni 

Let  §(n+l,  1,  m)  Indicate  a  collision-free  PACK  transmission 
In  the  1-th  slot  within  the  (n+l)-st  period  for  the  m-th  collision-free 
Information  packet  transmission  within  the  n-th  period: 


*Etepty  summations  are  set  equal  to  0  (l.e.. 


when 

n 


0). 


5(n+l.  1,  m)  -  I(T(n+l,  1.  m)  -  1.  -  1) 


(4.58) 


where  K,  m“  1,  2,  ....  The  slot  position  of  the  first 

collision-free  PACK  transmission  (among  the  y  copies)  within  the 
(n+l)-8t  period  for  the  m-th  collision-free  Information  packet  trans¬ 
mission  within  the  n-th  period  Is  denoted  by 


K 

'mind;  S(n+l,i,®)  "  D  if  I  §(n+l,J,m)  ^1 

J-1 

J(n+l,m)  “( 


V 


a> 


Otlierwlse 


(4.59) 


Thus  the  number  of  successful  acknowledgments  (first  collision-free 
PACK  among  the  y  PACKs)  In  the  1-th  slot  within  the  (n+l)-st  period 
Is  given  by 

-  I  I(J(n+l,  m)  •  1)  .  (4.60) 
m-l 


Hence , 


,(A).  j  j(A) 
n+1  ^ 


1-1 


n+1,1 


(4.61) 


and  the  number  of  unsuccessful  acknowledgments  within  the  (n+l)-st 
period  Is  specified  by 
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(A.b2) 


,(A) 

*n+l 


g(l)  _  ^(A) 
n  n+1 


Equations  (4.4)  -  (4.13)  and  (4.51)  -  (4.62)  ylold  the  transition 

probability  function  for  the  Markov  state  sequence  7.  under  the  MCRA 

scheme.  One  observes  that  the  uncontrolled  new  message  arrival 

variables  1  ^  1  K+P)  are  statistically  independent  of 

and  that  ),  )  and  ,)  depend  on  7.  only  through 

n-il,!  n+1,1  n+l,i  n 

(§^^\  R  ).  The  sequence  X  -  {X  ,  n  >  1},  X  -  (S^^\  R  ),  Is  a 
n’n  ^  n  —  'n  n’n’ 

vector  Markov  chain  over  the  space  x  d.  A  flow  diagram  Indicating 

the  transition  X  ►  X  is  shown  in  Figure  4.3. 
n  n+1 

Two  possible  network  control  functions  which  yield  irreducible 
positive  recurrent  Markov  state  sequences  are 


0 


n+1 


I(R  +  >N„) 

n  n  ~  T 

I(R^  +  Y  '  N^). 

n  n  -  1 


(4.63) 


(4.64) 


Both  control  functions  reject  new  message  arrivals  within  the  (n+l)-st 
frame  If  the  threshold  N.j,  is  exceeded.  The  first  control  function 
(4.63)  denies  channel  access  to  new  arrivals  whenever  the  number  of 
information  packet  retransmissions  plus  the  number  of  information 
packets  which  require  acknowledgment  exceeds  the  threshold.  Hence, 
this  control  essentially  limits  the  outstanding  transmission  obligations 
on  the  channel.  The.  second  control  function  (4.64)  rejects  new 


115 


arrivals,  whenever  the  number  of  information  packet  retransmissions 
plus  the  number  of  PACK  transmissions  exceeds  the  threshold.  Thus 
this  control  denies  channel  access  whenever  the  total  channel  load 
exceeds  the  threshold. 


Proposition  4.2 

The  vector  Markov  chains  Z  and  X,  which  describe  the  evolution 
of  the  GRA  channel  under  the  MCRA  acknowledgment  scheme,  are  irreduc¬ 
ible,  positive  recurrent  using  either  single-threshold  binary  control 
function  defined  by  (4.63)  and  (4.64). 


Proof 

Similar  technique  as  Proposition  4.1. 


Q.E.D. 


'  (A) 

Throughput  is  expressed  by  the  limit  (4.16)  where  S  denotes 

n 

the  number  of  successful  (positive)  acknowledgments  within  the  n-th 

period.  Under  the  MCRA  scheme,  a  successful  acknowledgment  occurs 

when  at  least  one  of  the  y  PACKs  is  transmitted  collision-free.  Thus 
'  (A) 

is  given  by  (4.61);  it  can  also  be  expressed  as 

S<^> 

“  5]  I(§(n,l,m)  *  1  or  §(n,2,m)  -  1  or  ...  or  S(n,k,m)  =  1)  . 

m“l 

(4.65) 

Working  with  (4.65),  the  following  upper  bound  on  throughput  is 
derived. 
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Theorem  A. 3 


The  throughput  of  the  GRA  channel  under  the  MCRA  acknowledgmont 
scheme  using  >  multiple  Identical  PACKs  with  K  slots  per  period  Is 
upper  bounded  by 


V  (ic)  -1 

A  <  - o - r - - 

K[1  +  V^(R)  V^  (K))  1  +  e~^l  -  (1  - 

where 

Vo(K)  -  e"^  K{tn[l  +  (K  -  1)~^)(K  -  1) 

V^(ii)  -  (1  -  (1  - 


Proof 


Rewriting  (4.65) 

^(A)  _  ,(i)  . 

n  n-1  ~  ^  I(S(n,l,m) 

m-1 


0,  S(n,2,m)  -  0, 


. . ,  S(n,K,m)  «  0) . 

(4.071 


The  expectation  of  given  Is 

n  n-1 


p(S(n.l.m)  -  0.  S(n.2,m)  -  0 . 


S(n,K,m)  -  . 


(4.68) 


Therefore, 
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The  bounds  on  throughput  stated  in  Theorems  4.1  and  4.3  for  the 
PRA  and  MCRA  acknowledgment  schemes,  respectively,  have  the  same  struc¬ 
ture.  Moreover,  since  the  two  schemes  are  Identical  when  y  «  1,  the 
bounds  are  equivalent  for  this  case.  Equation  (4.66)  is  not  expected 
to  provide  a  tight  bound  on  maximum  throughput,  since  the  second  term 
on  the  right  hand  side  of  (4.68)  is  not  included. 
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A  straightforward  simulation  of  the  Markov  chain  X  has  been  used 
to  compute  maximum  throughput  values  for  R"  12,  >=  1,  2,  3,  4. 

These  results  are  presented  in  Table  4.2  along  with  the  bounds  cal¬ 
culated  using  (4.66).  The  values  computed  using  (4.66)  exceed  the 
simulation  results  by  approximately  the  factor  e.  The  simulation 
results  indicate  that  for  R  »  12,  a  two  PACK  acknowledgment  scheme 
(>  “  2)  provides  the  largest  maximum  throughput  value. 


TABLE  4.2.  MAXIMUM  THROUGHPUT  VALUES  FOR  THE  GRA 
DISCIPLINE  UNDER  THE  MCRA  ACK  SCHEME  WITH  R  »  12 


> 

Maximum  Throughput 

Simulation 

Upper  Bound  (4.66) 

1 

0.12 

0.308 

2 

0.135 

0.287 

3 

0.131 

0.280 

4 

0.117 

0.278 

4.3.2  Packet  Delay  Analysis 

The  delay  of  the  n-th  message  is  defined  by  (4.30).  However, 
under  the  MCRA  acknowledgment  scheme,  multiple  identical  PACKs  are 
transmitted  for  each  collision-free  Information  packet  transmission. 
Therefore,  the  system  waiting  time  is  measured  from  the  arriv'al 
slot  to  the  transmission  slot  of  its  first  collision-free  PACK.  The 
technique  developed  in  Section  4.2.2  for  the  PRA  scheme  is  used  to 
calculate  the  limiting  average  packet  delay  under  the  MCRA  scheme. 
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Theorem  4.4 


With  the  operation  of  a  controlled  GRA  channel  under  the  MCRA 
acknowledgment  scheme  described  by  an  irreducible,  positive  recurrent 
Hiirkov  state  sequence  Z,  the  limiting  average  packet  delay  is  given 
by 


.  P  .  n  .  ,2P+K+1K  n  ,  ,2r+JK-l^  n 

e(d  )  -  ^  +  (K+P)  - +  ( — 5 — — rTTp  ^ ^  - (KT~ 

n  n  n 

E(§^^^  +  ZECg^'^^)  +  ...  +  (R-1)  E(S^^^) 

+  - ^2 - n3 - ^ - nL_  +  R  +  1 

n 


(4.72) 


where  the  expectations  are  w.r.t.  the  stationary  distribution. 


Proof 

Assume  an  appropriate  network  control  function  is  chosen  so  that 

Z  is  an  irreducible,  positive  recurrent  state  sequence.  Consider  the 

two  functionals  N(')  and  W(-)  defined  in  Section  4.2.2.  The  time 

homogeneous  function  ^n+1^  determined  by  (4.39)  -  (4.41). 

The  system  waiting  time  function  is  given  by  14.42)  and  ^'n+1^ 

is  determined  by  (4.43)  -  (4.46). 

To  evaluate  W, (Z  ,  Z  .,),  consider  the  waiting  time  components 
1  n  n+1 

of  each  type  of  transmission  separately.  For  information  packet 
transmissions  within  the  n-th  period  which  experience  collision,  the 
interval  from  the  transmission  slot  within  the  n-th  period  to  the 
retransmission  slot  within  the  (n+l)-st  period  is  measured: 
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Wii(Z  ,  Z  “  K  +  (K-1>R^J^  +  ...  +  +  P 

11  n  n+1  nl  n2  nK  n 


(A. 73) 


For  collision-free  information  packet  transmissions  within  the  n-th 
period,  the  waiting  time  component  is  measured  from  the  transmission 
slot  within  the  n-th  period  to  the  beginning  of  the  (n+l)-st  period: 


W,-(Z  ,  Z  =  K  4-  (K-1)  +  ...  +  +  P  (4.74) 

12  n  n+1  nl  n2  nK  n 


For  unsuccessful  acknowledgments  (i.e.,  all  y  PACKs  experience  colli¬ 
sion)  within  the  n-th  period,  the  interval  from  the  beginning  of  the 
n-th  period  to  the  information  packet  retransmission  slot  within  the 
(n+l)-st  period  is  measured: 


+  T 


(A) 
n+1, 2 


+  2T 


(A) 
n+1, 3 


+  . 


.  .  +  (ic-l)  T 


(A) 

n+l,K  ' 


(4.75) 


For  successful  acknowledgments  (i.e.,  at  least  one  of  the  y  PACKs 
is  transmitted  collision-free)  the  waiting  time  component  is  measured 
from  the  beginning  of  the  n-th  period  to  the  transmission  slot  of  the 
first  collision-free  PACK: 


^n2 


+  2S 


(A) 

n3 


+  (K-1) 


5  (A) 
^nK 


(4.76) 


Therefore 


Vl> 


Ij  n  n+1 


(4.77) 


By  applying  Lemma  4.1  and  by  taking  advantage  of  the  symmetry 
provided  by  the  uniform  distributed  slot  allocations  in  each  period 
for  information  packet  transmissions,  (4.72)  is  proved. 


Q.E.D. 


The  term  E(R^^^)/E(S^^^)  in  (4.72)  represents  the  average  number 
n  n 

(A) 

of  information  packet  collisions  per  admitted  message  while  E(R^  )/ 

'  (A) 

E(S^  )  represents  the  average  number  of  unsuccessful  acknowledgment 
attempts  per  admitted  message.  The  average  number  of  collision-free 
information  packet  transmissions  per  admitted  message  is  denoted 
by  E(S^^^)/E(S^^^).  The  term  E(S^^^)/E(S^^^)  represents  the  conditional 
probability  of  a  successful  acknowledgment  (the  first  collision-free 
PACK  among  the  y  copies)  in  the  i-th  slot  within  a  period,  1  i  £  K, 
given  that  at  least  one  successful  acknowledgment  is  made  in  the  period. 
One  observes  that  the  set  of  probabilities  {E(S^^  )}  (the  probability  of 
a  successful  acknowledgment  in  the  i-th  slot  within  a  period)  satisfies 

E(S^^^)  >  E(§^^^)  (4.78) 

nl  —  nj 

for  1  <  j ,  1  1  i  1  K,  1  1  j  IK. 

In  equilibrium,  applying  the  stationary  distribution  to  (4.62), 

11m  E(S^^S  -  lljn  E(R^^^)  +  lim  E(S^'^N  .  (4.79) 

n-KB  "  n->«>  ”  n-»«>  ” 
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Substituting  (4.79)  into  (4.72),  the  limiting  average  delay  can  be 
rewritten  as 


E(Ds) 


E(R  )  E(S^^^ 

~  +  (R+P)  - +  (R+P)  - 

2  „/a(A)^  „,j(A), 


E(S'"'') 


E(SiJ2^  +  2E(S^^^  +  ...  +  (ic-l)  E(S^J^ 

n 


K-1 

2 


+  R  +  1 


(4.80) 


where  the  expectations  are  w.r.t.  the  stationary  distribution.  In 
general,  1  i  i  K}  obey  the  inequality  specified  by  (4.78). 

In  particular,  when  the  number  of  PACK  copies  is  set  equal  to  1 
(Y  -  1). 

(A)  E(S^^^ 

E(S7^ - 2 -  ,  (A. 81) 

nl  ^ 

1  ^  1  £  K,  and  in  this  case  (4.80)  reduces  to  (4.38). 

4 . 4  Period  Division  -  Random  Access  Acknowledgment  Scheme 

Under  the  PDRA  acknowledgment  scheme.  Information  packets  and 
PACKS  gain  channel  access  on  a  random  access  basis.  Unlike  either  the 
PRA  or  MCRA  schemes,  information  packets  and  PACKs  do  not  contend 
over  the  same  slots.  Each  period  is  partitioned  into  two  fixed  length 
subperiods;  one  subperiod  is  dedicated  to  information  packet  trans¬ 
missions,  while  the  other  subperiod  is  dedicated  to  PACK  transmissions. 
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Thus  by  proper  slot  allocation,  preference  to  acknowledgment  traffic 

can  be  given  so  that  the  delay  and  throughput  performance  is  optimized. 

Let  ic  and  K  denote  the  number  of  slots  in  the  acknowledgment 
A  1 

subperiod  and  information  subperiod,  respectively,  such  that 

ic  -  ic  +  (4.82) 

A  I 

An  example  of  a  partitioned  period  is  illustrated  in  Figure  4.4. 

The  acknowledgment  subperiod  precedes  the  information  subperiod.  In 
general,  the  PACK  length  (in  bits)  will  be  less  than  the  information 
packet  length.  Let  n  denote  the  ratio  of  information  packet  length 
to  PACK  length.  Thus  under  the  PDRA  scheme,  the  K^  slots  allocated 
to  PACK  transmissions  are  divided  into 


ic 

n 


(4.83) 


mini-slots  where  [xl  denotes  the  Integer  part  of  x  (under  the  restric¬ 
tion  n  i  1)  • 

The  GRA  channel  under  the  PDRA  acknowledgment  scheme  operates 
as  follows. 


Protocol:  GRA  Discipline  -  PDRA  ACK  Scheme 
(1)  New  message  arrivals  which  are  admitted  by  the  network 
control  procedure  are 
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Thus  by  proper  slot  allocation,  preference  to  acknowledgment  traffic 
can  be  given  so  that  the  delay  and  throughput  performance  is  optimized. 
Let  ic  and  K  denote  the  number  of  slots  in  the  acknowledgment 

Pi  X 

subperiod  and  information  subperiod,  respectively,  such  that 

K  -  K,  +  iC^  (4.82) 

A  I 

An  example  of  a  partitioned  period  Is  Illustrated  In  Figure  4.4. 

The  acknowledgment  subperiod  precedes  the  Information  subperiod.  In 
general,  the  PACK  length  (In  bits)  will  be  less  than  the  Information 
packet  length.  Let  n  denote  the  ratio  of  information  packet  lengtli 
to  PACK  length.  Thus  under  the  PDRA  scheme,  the  K^  slots  allocated 
to  PACK  transmissions  are  divided  into 


(4.83) 


mini-slots  where  denotes  the  Integer  part  of  x  (under  the  restric- 
t ion  n  i  1 )  • 

The  GRA  channel  under  the  PDRA  acknowledgment  scheme  operates 
as  follows. 

Protocol:  GRA  Discipline  -  PDRA  ACK  Scheme 
(1)  New  message  arrivals  which  are  admitted  by  the  network 
control  procedure  are 


125 
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I 


j 
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Thus  by  proper  slot  allocation,  preference  to  acknowledgment  traffic 
can  be  given  so  that  the  delay  and  throughput  performance  is  optimized. 
Let  K  and  K  denote  the  number  of  slots  in  the  acknowledgment 

A  X 

subperiod  and  information  subperiod,  respectively,  such  that 

K  -  ic  +  (4.82) 

A  1 

An  example  of  a  partitioned  period  is  Illustrated  in  Figure  4.4. 

The  acknowledgment  subperiod  precedes  the  Information  subperiod.  In 
general,  the  PACK  length  (in  bits)  will  be  less  than  the  information 
packet  length.  Let  n  denote  the  ratio  of  information  packet  length 
to  PACK  length.  Thus  under  the  PDRA  scheme,  the  slots  allocated 
to  PACK  transmissions  are  divided  into 


(4.83) 


mini-slots  where  denotes  the  Integer  part  of  x  (under  the  restric¬ 
tion  n  ^  1) . 

The  GRA  channel  under  the  PDRA  acknowledgment  scheme  operates 
as  follows. 

Protocol;  GRA  Discipline  -  PDRA  ACK  Scheme 
(1)  New  message  arrivals  which  are  admitted  by  the  network 
control  procedure  are 
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1)  transmitted  immediately,  if  they  arrive  during  a 
channel  access  subperiod  allocated  to  information 
packet  transmissions 

ii)  transmitted  in  the  next  information  subperiod,  in  a 
slot  determined  by  a  uniform  distribution  over  the 
available  service  slots,  if  they  arrive  in  the  interval 
between  periods  or  during  the  acknowledgment  subperiod. 
Messages  which  are  not  admitted  by  the  network  control 
procedure  are  rejected. 

(2)  Each  information  packet  colliding  within  the  n-th  period 
is  retransmitted  within  the  (n+l)-st  information  subperiod 
in  a  slot  determined  by  a  uniform  distribution  over  the 
available  service  slots. 

(3)  For  each  collision-free  information  packet  transmission 
within  the  n-th  period,  a  PACK  is  transmitted  within  the 
(n+l)-st  acknowledgement  subperiod  in  a  mini-slot  determined 
by  a  uniform  distribution  over  the  K  available  service 
(mini)  slots. 
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(4)  Each  collision-free  information  packet  transmission  within 
the  n-th  period,  which  remains  unacknowledged  at  the  end 
of  the  two  frame  acknowledgment  time-out  interval,  is 
retransmitted  within  the  (n+2)-nd  information  subperiod  in 
a  slot  determined  by  a  uniform  distribution  over  the 
available  service  slots. 

(5)  Each  information  packet  admitted  by  the  network  control 
procedure  is  transmitted  and  retransmitted  until  successfully 
acknowledged  by  a  collision-free  PACK. 


4.4.1  Channel  State  Process 

Since  the  operation  of  the  GRA  channel  under  the  PDRA  and  PRA 

acknowledgement  schemes  is  similar,  their  respective  Markov  state 

sequences  have  comparable  structures.  Therefore,  the  construction  of 

the  transition  probability  function  under  the  PDRA  scheme  follows  a 

development  parallel  to  the  development  under  the  PRA  scheme. 

The  evoluatlon  of  the  channel  under  the  PDRA  scheme  is  described  by 

a  vector  Markov  chain  Z  =  {Z  ,  n  >  1}  over  the  space 

n  — 

Ki  K  - 

ci  X  X  a  where  d  is  the  set  of  non-negative  integers, 

=  {0,  1,  2,  ...,  Kj}  and 


Z 

n 


{(T^J\  1  -  1,2 . iCj),  (T^^\  i  -  1,2 


(A  ,,  1  -  1,2,...,K+P)}  . 
ni 
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The  variable  denotes  the  number  of  information  packet  retrans- 

ni 

missions  in  the  1-th  slot  within  the  n-th  Information  subperiod 

(A) 

(n  >  1,  1  <  i  <  K_),  T  .  denotes  the  number  of  PACK  transmissions 
—  —  —  I  nl 

in  the  i-th  mini-slot  within  the  n-th  acknowledgment  subperiod 
(n^l,  l£i<^K),  and  A  denotes  the  number  of  uncontrolled  new 
message  arrivals  in  the  i-th  slot  within  the  n-th  frame  (n  ^  1, 

1  1  i  1  ic+P) . 

Let  R  and  denote  the  number  of  collisions  (information 

n  n 

packet  and  PACK)  and  the  number  of  collision-free  information  packet 
transmissions,  respectively,  within  the  n-th  period.  By  definition 


R  -  y 

n  n+l,i 


(4.84) 


and 


R 


f 


;(I) 

n  *n+l,i 


(4.85) 


Since  the  retransmission  slot  of  an  information  packet  and  the  trans¬ 
mission  slot  of  a  PACK  arc  determined  by  uniform  distributions  over 
[1,  iCjJ  and  fl,  K^],  respectively,  1  i  1  1  Kj)  and 

.,  1  <  1  <  K  )  depend  on  Z  through  R  and  They  are 

n+1  ,i’—  —  n  n  ®n  n 

governed  by  the  following  multinomial  distributions: 


P{T 


(I) 

n+1 


(K) 


1  1  i  ihK  “  ^  S’  ”2’  •••’  \ 


)  (4.86) 


where 


A 

0  1  1  J ,  1  1  1  1  K  ’  I  a  -  J 

1  ^  1-1  ^ 


and 
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^  1  i  1  \K  '  -  '  (e,.  02 . )  (4.87) 

n 


where 


0  1  6i  1  j.  1  1  i  IK  .  I  0^  -  j 

*  4*1 

/▼\  /*\  *A 


/  j  \  (a)  *  ^ 

Let  R'  and  R'  denote  the  number  of  Information  packet  colll- 
n  n 

sions  and  PACK  collisions,  respectively,  within  the  n-th  period  so 


R  -  R^^^  +  R^^^ 
n  n  n 


(4.88) 


The  variables  and  are  determined  by  the  following  relation¬ 

ships; 


I  ( 
I  R 

i-l  " 


(4.89) 


K 

1  R 

i-l 


(4.90) 


where  R^^^  and  Rj|^^  denote  the  number  of  information  packet  collisions 
in  the  i-th  slot  within  the  n-th  information  subperiod  and  the  number 
of  PACK  collisions  in  the  i-th  slot  within  the  n-th  acknowledgment 
subperiod,  respectively.  A  collision  occurs  when  two  or  more  packets 
are  simultaneously  transmitted;  hence. 


r'7  -  N  ,  I(N  ,  >  1) 
nl  ni  nl 


1  1  i  1  Kj 


(4.91) 
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and 


r(A)  ^  ^(A)  >  1) 

ni  ni  ni 


1  <  1  <  K 
—  —  n 


(4.92) 


where  denotes  the  number  of  Information  packet  transmissions  in 
the  i-th  slot  within  the  n-th  information  subperiod: 


ni  ni  n,P+K  +i  ni 


1  <  i  <  K, 


(4.93) 


'  (C) 

The  variable  A^^  denotes  the  number  of  controlled  new  message  arrivals 
allocated  for  transmission  in  the  i-th  slot  within  the  n-th  information 
subperiod  from  among  those  arrivals  in  the  P+K  slots  which  are  not 

A 

~  (c) 

allocated  for  information  packet  transmission.  The  sequence  (A^j^  } 
is  governed  by  the  multinomial  distribution 


P+K. 


P{A 


(C) 

ni 


Oj.  1  1  i  1  I  A^^^  =  J}  =  gj  ^  («j^,  cx^,  ....  a-  )  (4.94) 


(Kj) 


where  0^a  <j,l^i^K,  ^  a.  =  j. 

^  i=l  ^ 

'(I)  ^ 

Let  S  .  denote  the  number  of  collision-free  information  packet 
ni 

transmissions  in  the  i-th  slot  within  the  n-th  information  subperiod. 
By  definition 


KN^i  -  1) 


1  _<  i  Kj 


(4.95) 


and 


‘'I 

I 

i«l 


(4.96) 
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Equations  (4.4),  (4.84)  -  (4.96)  yield  the  transition  probability 

function  for  the  vector  Markov  chain  Z  under  the  PDRA  scheme.  The 

uncontrolled  new  message  arrival  variables  {A  1  <  i  <  k+p} 

are  statistically  Independent  of  Z^;  and  1  <  1  <  and 

^^n+l,i’  ^  ^  1  depend  on  Z  only  through  X  -  (S^^\  R  ).  The 

‘  *•  n  n  n 

sequence  X  =  {X^,  n  ^  1}  is  a  vector  Markov  chain  over  the  space 

X  d.  A  flow  diagram  Indicating  the  transition  X  -»■  X  is  shown 
I  n  n+1 

in  Figure  4.5. 

The  network  control  function  on  new  message  arrivals  given  by 
(4.15)  yields  the  following  proposition. 


Proposition  4.3 

The  vector  Markov  chains  Z  and  X,  which  describe  the  evolution 
of  the  GRA  channel  under  the  PDRA  acknowledgment  scheme,  are  irreduc 
Ible,  positive  recurrent  using  the  single-threshold  binary  control 
function  defined  by  (4.15). 


Proof 


Similar  technique  as  Proposition  4.1. 


Q.E.D. 


Under  the  PDRA  scheme,  the  number  of  collision-free  PACK  trans¬ 
missions  within  the  (n+l)-st  period  is  given  by 


K 

n 

I 

i-1 


I(T 


(A) 


n+l,i 


1) 


(4.97) 
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M) 


Since  if*  governed  by  the  multinomial  distribution  (^.H7), 

the  expectation  of  given  and  N  Is 

n+1  ”  n  n 


r,(l) 


<'  -  h"" 


Therefore, 


I",.’  ■  "  I",,' 


and  the  right  liand  side  of  (4.99)  can  be  com|>uled  as  follows. 


I.emma  A, 2 

Under  the  PDRA  acknowl cdgment  scheme  specified  by  the  chaniu'l 
structure  (K,  K^,  n). 


k(s,;JJ(n  -  j)  -  I  c(i  -  ^  T'rrr^-  ^ — i 

'  '"l  (-0  ^  L.  '2'  ••• 


1 


where  «  »  mIn(Kj,  J) 


i-0  -  i(<,.  . v’^=  I  S  -  J  -  t*  1.  <  -  01  . 

‘  l-l  ^  ' 


Proof 


The  right  h.ind  side  of  (4.99)  can  be  expressed  by 


s^'^-i  5 

KlS^^^l  -  "  |n  1  -  I  «(l  P(S^’^  -  <1n  ) 


14.100 
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variables  {N  1  <  1  <  K^}  are  governed  by  the  multinomial 
nl  ~  —  I 


distribution 


1  1  1  1  Kj|N^  -  J} 


- _ il _ (J_)J 

*2’  •••  V  '  '^1 


(4.102) 


where  'I  Tlie  probability  of  exactly 

^  ^  1-1  ^ 

t  collision-free  Information  packet  transmissions  from  transmissions 

is  given  by  (4.102)  summed  over  the  tupples  (f,,  ....  tr,  )  such 

L  ad  K  - 

K  ^ 

that  exactly  i  of  the  i^'s  are  equal  to  1.  There  are  (^^l)  combinations 
which  can  yield  (  collision-free  Information  packet  transmissions  In 
slots.  The  set  represents  the  transmission  slot  allocations 
of  the  remaining  -  li  packets  so  that  either  collision  occurs  or  no 
transmission  Is  made  In  each  of  the  -  1  slots,  hence, 


-  e|N  -  j)  -  y  (^I) 


y  (*^1) _ n _ (i-)J 

^2'  •••  *^i 


(4.103) 


where  0  ^  {  <  {,. 

Substituting  (4.103)  into  (4.101)  yields  (4.100). 


Q.K.n. 


An  upper  bound  on  throughput  as  a  function  of  the  channel 


structure  parameters  (K,  Kj,  n)  Is  presented  In  tlie  following  theorem. 
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Theorem  4.5 


The  throughput  of  the  GRA  channel  under  the  PDRA  acknowledgment 
scheme  specified  by  the  channel  structure  (K,  K^,  n)  is  upper  bounded 
by 


4  <  max  {•y-  (•^)^ 

"  J  K 


I  Ml  (^1)  I 

d-O 


*2^ 


(4.104) 


Proof 

Replace  in  (4.16)  with  max  E(S^^J|n^  =  j)  which  is  given 

by  (4.100). 


Q.E.n. 


The  summation  over  makes  the  evaluation  of  the  throughput  bound 
given  by  (4.104)  inconvenient.  An  upper  bound  which  is  more  readily 
computed  is  stated  in  the  following  theorem. 

Theorem  4.6 

The  throughput  of  the  GRA  channel  under  the  PDRA  acknowledgment 
scheme  specified  by  the  channel  structure  (R,  Rj,  n)  is  upper  bounded 
by 
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1  1 


T  V  (K  ) 
ii  o  ri 


It  V^«,)iV,(K,) 
If  V,(K,)  '  V,,(K,^) 


(/..lO-i) 


where 

V^(x)  “  c  ^  x((x-l)  +  (x-1)  Ml  ^ 

V  (k  )  -  {?n[(l  -  ■^)"^]}~^. 

n  K,, 

Proof 

See  Appendix  C. 

A  straightforward  simulation  of  the  Mirkov  state  sequence  X 
lias  been  used  to  compute  maximum  throughput  values  for  k  ••  12  wltli 
n  “  1 ,  9  for  several  Information  subperiod  lengths  (kj).  These  results 
are  presented  In  Tables  4.3  and  4.4  for  n  “  1  and  n  «  9,  respectively. 
The  upper  bounds  computed  using  (4.104)  and  (4.105)  are  also  tabulated. 
These  results  Indicate  that  (4.104)  provides  the  tighter  upper  bound; 
however,  (4.105)  provides  reasonable  valvies  without  the  computational 
complexity  Involved  In  evaluating  (4.104). 
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4.4.2  Packet  l)e  Ana  ly  a  is 

The  delay  of  the  n-th  message  la  defined  by  (4.30)  with  tt>e  single 
slot  duration  representing  the  PACK  transmission  time  replaced  by 
1/n.  The  computation  of  the  limiting  average  packet  delay  is  Identical 
to  the  technique  Introduced  In  Section  4.2.2  for  the  PRA  scheme. 

Under  the  PDRA  acknowledgment  scheme,  the  acknowledgment  subperiod 
Is  partitioned  Into  K^^  mini-slots  per  (4.83).  ITie  fraction  of  a 
mini-slot  given  by 


K  “  n  K*  -  K  (4.10b) 

c  A  11 

cannot  be  used  for  PACK  transmissions.  The  placement  of  this  frac¬ 
tional  mini-slot  and  the  position  of  the  acknowledgment  and  Information 
subperiods  relative  to  each  other  alters  the  packet  delay. 

Consider  the  channel  structure  Illustrated  In  Figure  4.b  where  the 
fractional  mini-slot  Is  placed  at  the  beginning  of  each  period  and 
the  acknowledgment  subperiod  precedes  the  Information  subperlod. 

Tlieorem  4.7 

With  the  operation  of  a  controlled  CRA  channel  under  the  PDRA 
acknowledgment  scheme  described  by  an  Irreducible,  positive  recurrent 
Markov  state  sequence  7.,  the  limiting  average  packet  delay  vinder  the 
channel  structure  illustrated  In  Figure  4.b  Is  given  by 
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E(Dg) 


P  +  K 


A  - 

-  +  (K+P)  - ^ 

n 


1  1  1 

.2  l2P.3R--iC,-a-A)j_^ 

E(Sn  ) 


+  R  +  - 
n 


(4.107) 


where  the  expectations  are  w.r.t.  the  stationary  distribution. 


Proof 

Similar  technique  as  Theorem  4.2. 


Q.E.D. 


Consider  an  alternate  channel  structure  illustrated  in  Figure  4.7. 
The  Information  subperiod  precedes  the  acknowledgment  subperiod  and 
the  fractional  mini-slot  is  placed  at  the  end  of  each  period.  The 
limiting  average  packet  delay  under  this  structure  is  presented  in 
the  following  lemma. 

Lemma  4.3 

With  the  operation  of  a  controlled  GRA  channel  under  the  PDRA 
acknowledgment  scheme  described  by  an  irreducible,  positive  recurrent 
Markov  state  sequence  Z,  the  limiting  average  packet  delay  under  the 
channel  structure  Illustrated  in  Figure  4.7  is  given  by 
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+  (K+P) 


E(Ds) 


P  +  K  E(R^^^) 

+  (K+P)  -tTaT 

n 

1  1  1 

+  i  [2P  +  K  +  ^  K  -  (1  -  i)  ]  - ^ 

2  n  6  n  g(g(A) 

1  1  1 

+  i  [2P  +  3R  -  i  R  +  (1  -  -)]  - Tpr- 

2  n  6  n 


+  R  +  - 
n 


(4.108) 


where  the  expectations  are  w.r.t.  the  stationary  distribution. 


Proof 


Similar  technique  as  Theorem  4.2. 


Q.E.D. 


The  difference  between  the  limiting  average  packet  delays  given 
by  (4.107)  and  (4.108)  is 


E(D^) 


-  E(D,), 


-  - ^ 


S'(4.108)  ‘'^‘^8^4.107)  n  e(s(A)) 

n  n 


1. (4.109) 


The  term  E(§^^^)/E(S^^^)  is  the  average  number  of  collision-free 


information  packet  transmissions  per  admitted  message  and  E(R^  ')/ 

'  f  A) 

E(S  )  is  the  average  number  of  PACK  collisions  per  admitted  message, 
n 

Since 
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(4.110) 


n 


„(A)  .(A) 

•^n+l  ^  ^n+1 


« 


E(S^^h  >  E(R^^^);  and,  hence, 
n  ~  n 

'^^“s^CA.lOS)  -  ®^^°S^(4.107)  • 

Thus  the  channel  structure  with  the  acknowledgment  subperiod  preceding 
the  information  subperiod  (Figure  4.6)  provides  the  smaller  limiting 
average  packet  delay. 


4 . 5  Numerical  Results 

The  delay  and  throughput  performance  of  the  GRA  channel  under  the 
PRA,  MCRA  and  PDRA  acknowledgment  schemes  has  been  determined  by 
simulating  the  appropriate  Markov  state  sequences.  The  Markov  chain 
simulations  are  run  for  a  large  but  finite  number  of  slots;  hence, 
these  results  represent  estimates  which  indicate  performance  trends  and 
should  not  be  interpreted  as  absolute. 

Maximum  throughput  results  with  K  ■  12  are  summarized  in  Table  4.5. 
The  basic  GRA  discipline  relies  on  the  broadcast  feature  of  the  channel 
to  provide  automatic  acknowledgments.  A  separate  acknowledgment 
mechanism  is  not  included;  and,  hence,  the  basic  GRA  channel  achieves 
the  maximum  throughput  value  e  ^  packets  per  service  slot.  Vnder  the 
random  access  acknowledgment  schemes,  the  maximum  throughput  Is 
severely  reduced.  The  PRA  scheme  achieves  a  maximum  throughput  value 
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of  only  0.12  packets  per  service  slot.  Under  the  MCRA  scheme,  the 
maximum  throughput  (0.14  packets  per  service  slot)  is  achieved  with 
two  identical  PACK  transmissions  for  each  collision-free  information 
packet  transmission  (y  ■=  2),  This  maximum  throughput  value  is  also 
achieved  under  the  PDRA  scheme  with  Kj.  =  6  and  n  =  1.  With  n  =  9, 
the  maximum  throughput  is  increased  to  0.26  packets  per  service  slot 
with  iCj  =  10. 


TABLE  4.5.  MAXIMUM  THROUGHPUT  VALUES  FOR  THE  GRA 
DISCIPLINE  WITH  K  =  12 


The  delay  performance  D  of  the  basic  GRA  channel  is  presented 
in  Figures  4.8  and  4.9  with  K  ”  P  =  R  =  12.  Average  packet  delay 
versus  throughput  curves  are  shown  in  Figure  4.8  for  three  threshold 
values  of  the  single-threshold  network  control  function.  Both  through 
put  and  delay  increase  as  the  average  message  arrival  rate  (X  packets 
per  slot)  increases  until  a  maximum  throughput  value  is  reached. 

As  \  is  increased  further,  throughput  decreases  (i.e.,  new  message 
arrivals  are  rejected)  and  delay  Increases  rapidly.  Average  packet 
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delay  versus  packet  probability  of  rejection  curves  are  shown  in 
Figure  4.9.  These  constant  arrival  rate  curves  indicate  that  the 
minimum  probability  of  rejection  with  K  =  12  is  effectively  zero  for 
\  =  0.05,  0.1.  For  X  =  0.15,  0.2  large  rejection  probabilities  and 
small  delays  are  experienced  with  low  threshold  values.  As  the  thres¬ 
hold  is  Increased,  the  probability  of  rejection  decreases;  however, 
the  number  of  collisions  increases  which  increases  delay.  A  minimum 
rejection  probability  is  attained,  beyond  which  raising  the  threshold 
Increases  both  the  delay  and  the  probability  of  rejection,  since 
collisions  predominate. 

Average  packet  delay  Dg  versus  probability  of  rejection  curves 
are  shown  in  Figure  4.10  for  the  GRA  channel  under  the  PRA  (y  =  1)  and 
MCRA  (y  =  2,  3)  acknowledgment  schemes  with  ic  =  P  =  R  =  12 .  These 
curves  exhibit  the  same  behavior  displayed  under  the  basic  GRA  channel. 
The  results  indicate  that  the  MCRA  scheme  with  y  =  2  provides  the  best 
overall  performance,  minlmun  packet  delay  under  a  prescribed  prob¬ 
ability  of  rejection. 

Average  packet  delay  versus  probability  of  rejection  curves  are 
shown  in  Figure  4.11  for  the  GRA  channel  under  the  PDRA  acknowledgment 
scheme  with  ic  =  P  =  R  =  12  and  n  =  1,9.  These  curves  exhibit  the 
characteristic  behavior  and  Indicate  the  performance  attainable 
under  unequal  PACK  and  information  packet  lengths  (n  >  1). 

The  performance  of  the  GRA  channel  under  the  random  access 
acknowledgment  schemes  are  summarized  in  Figure  4.12.  Average  packet 
delay  versus  probability  of  rejection  curves  are  shown  with  K  =  P  =  R  = 
12.  For  A  =  0.025  and  X  =  0.05,  the  MCRA  scheme  (y  “  2)  achieves  the 
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lowi'st  dol.’jy  for  all  rojection  probabll  It  los .  For  \  «  O.d?'),  tho 
I’DRA  schemo  (K^  ”  6)  attains  the  simillest  probability  of  rojoctlon 
blit  with  a  relatively  large  delay  value. 

4 . 6  Conclusions 

The  operation  of  the  CRA  channel  under  three  random  access 
(positive)  acknowledgment  schemes  was  studied  In  tills  chapter.  Ihuler 
the  I’RA  scheme,  I’ACKs  and  information  packets  contended  on  a  random 
access  basis  in  each  period;  under  the  MCRA  sclu'me,  each  collision- 
free  information  packet  transmission  was  acknowled;  ,ed  ly  multiple, 
identical  I’ACK  transmissions;  and  under  the  I’DRA  scheme,  each  period 
was  partitioned  into  two  subperiods  with  information  packets  and 
PACKS  transmitted  on  a  random  access  basis  within  separate  subperiods. 
The  channel  state  process  under  each  acknowledgment  scheme  was 
described  by  an  irreducible,  positive  recurrent  Markov  chain.  Upper 
bounds  on  the  maximum  throughput  and  expressions  for  the  limiting 
aver.-ige  packet  delay  were  derived. 

Numerical  examples  of  the  delay-throughput  (rejection  probability) 
function  were  presented  with  K  ■  P  ■  R  “  12.  Under  the  MCRA  scheme, 
the  optimum  number  of  PACK  copies  was  observed  to  be  y  “  2  and  under  the 
PORA  scheme,  the  optimum  period  division  was  K^  "  (i  with  n  “  1  and 
I  Kj  10  with  M  =«  ‘).  With  n  ”  1,  the  best  overall  performance  was 

'  achieved  under  the  MCRA  scheme  (y  “  2);  however,  both  the  delay  and 

I  throughput  performance  was  found  to  be  reduced  compared  to  the  basic 

r 

I  CRA  discipline  without  acknowledgment. 
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AVERAGE  PACKET  DELAYE(Db)  (SLOTS) 


Flfurt  4.S  Packat  Dalav  variMt  ThrawfltRyt  Curvai  for  tfta  Batic  GRA  Channal 
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AVERAGE  PACKET  DELAY  E(0.)  (SLOTS) 
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Figura  4.10  Paefcat  Dalay  vamii  Paakat  ProbabNity  of  Rafaction  Cunrat  for  a  ORA  Channal 
with  it-P>R-12  UnOar  tba  PRA  and  MCRA  ACK  Sehamat  Uting  Control 
Function  (4.041 
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AVERAGE  PACKET  DELAY  E(Oe)  (SLOTS) 


PACKET  PROBABILITY  OF  REJECTION  P^ 


Figur*  4. 11  Packet  Oalay  vartut  Packet  ProltabilltY  of  Raiaction  Curvet  for  a  GRA  Channel 

with  •([  ■  P  >  R  ■  12  Under  the  PORA  ACK  Scheme  (ftj  ■  6,  t;  ~  1 ),  (R^  ■  10,  r)  •  9) 
Utlng  Control  Function  (4.16) 
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CHAPTER  V 


GROUP  RANDOM  ACCESS  USING  SCHEDULED 
ACKNOWLEDGMENT  PROTOCOLS 

The  three  random  access  acknowledgment  implementations  examined 
in  Chapter  IV  yield  reduced  performance  capabilities  with  respect  to 
the  basic  GRA  discipline  which  operates  without  a  separate  acknowledg¬ 
ment  mechanism.  Although  implementation  requirements  of  random  access 
disciplines  are  modest  compared  to  other  disciplines  (e.g.,  reserva¬ 
tion),  PACK  transmission  collisions  are  undesirable.  Reduced  through¬ 
put,  longer  delays  and  higher  packet  rejection  probabilities  result. 

In  this  chapter  the  operation  of  the  GRA  discipline  under  two 
acknowledgment  systems  which  schedule  PACK  transmissions  to  avoid  the 
unresolvable  collisions  is  examined.  In  Section  5.1  the  scheduled 
acknowledgment  schemes  are  introduced.  The  GRA  channel  under  the 
Period  Division  -  Scheduled  acknowledgment  scheme  is  examined  in 
Section  5.2.  In  Section  5.3  the  GRA  channel  under  the  Dynamic  Period 
Division  -  Scheduled  acknowledgment  scheme  is  studied.  A  stationary 
transmission  error  process  model  is  developed  for  the  GRA  channel 
in  Section  5.4.  This  random  noise  channel  is  studied  under  the 
Dynamic  Period  Division  -  Scheduled  acknowledgment  scheme.  Numerical 
examples  are  presented  in  Section  5.5. 
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5.1  Scheduled  Acknoviledement  Schemes* 


The  time  slotted  channel  structure  examined  In  Chapter  IV  Is 
again  considered.  The  basic  GRA  channel  structure  shown  In  Figure  4.1 
Is  adopted  and  the  same  group  of  network  stations  characterized  as  a 
large  population  of  low  duty  cycle  bursty  users  Is  considered. 
Single-packet  messages  are  assumed  and  the  overall  message  arrival 
stream  Is  described  by  a  Poisson  point  process  with  average  arrival 
rate  X  messages  per  slot. 

Two  positive  acknowledgment  schemes  which  schedule  PACK  trans¬ 
mission  to  avoid  collision  are  studied: 

•Period  Division  -  Scheduled  (PDS) 

•Dynamic  Period  Division  -  Scheduled  (DPDS). 

Both  schemes  partition  the  channel  access  periods  Into  two  subperiods: 
information  packets  are  transmitted  In  one  subperiod  on  a  random 
access  basis  while  PACKs  are  transmitted  in  the  second  subperiod 
on  a  scheduled  basis.  The  subperiod  lengths  are  fixed  under  the 
PDS  scheme.  The  period  division  under  the  DPDS  scheme  dynamically 
adjusts  to  the  current  acknowledgment  traffic  requirement. 

*Two  frequency  division  acknowledgment  schemes  are  studied  In 
Appendix  D.  The  allocated  bandwidth  is  partitioned  Into  two  channels 
with  distinct  non-overlapping  bandwldths. 
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To  achieve  conflict-free  PACK  transmission,  prior  to  the  start 
of  every  channel  access  period,  each  network  station  must  be  given 
PACK  transmission  slot  allocations  by  a  network  controller  (a  control 
station)  in  a  centralized  control  network,  or  each  station  must  deter¬ 
mine  the  allocation  in  a  distributed  control  network.  Therefore, 
compared  to  the  simple  distributed  control  mechanisms  involved  with  the 
random  access  acknowledgment  schemes,  a  cost  associated  with  the 
scheduled  acknowledgment  schemes  is  Increased  complexity. 

To  be  consistent  with  the  GRA  philosophy,  a  distributed  control 
network  is  studied  in  this  chapter.  Each  station  must  recognize 
collision-free  Information  packet  transmissions  so  that  a  network 
scheduling  algorithm,  which  establishes  a  procedure  to  avoid  PACK 
transmission  conflicts,  can  be  Implemented.  These  protocols  must 
be  precisely  executed  by  each  station  for  successful  channel  operation. 

5.2  Period  Division  -  Scheduled  Acknowledgment  Scheme 

Under  the  PDS  scheme,  the  acknowledgment  and  information  subperiod 
lengths,  K  and  ic  ,  are  chosen  such  that  (4.82)  is  satisfied  and  the 

/\  X 

Information  packet  length  to  PACK  length  ratio  is  denoted  by  n  ^  1 
as  defined  for  the  PDRA  scheme  studied  in  Section  4.4.  The  period 
division  is  chosen  so  that  collision-free  information  packet  trans¬ 
missions  in  a  single  period  are  acknowledged  in  the  next  period  by 
conflict-free  PACK  transmissions. 

Since  the  maximum  number  of  collision-free  information  packet 
transmissions  per  period  is  Kj,  the  number  of  acknowledgment  mini-slots 
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required  is  ■  iCj.  Therefore,  the  period  division  must  satisfy 


n  K  >  K. 
A  —  I 


(5.1) 


Thus  for  a  channel  structure  specified  by  (K,  n) ,  the  maximum  informa¬ 
tion  subperiod  length  which  satisfies  (5.1)  is 


K 


I 


icn 

1  +  n 


slots 


(5.2) 


where  [xj  denotes  the  Integer  part  of  x.  The  acknowledgment  subperiod 
length  which  satisfies  (4.82)  and  (5.2)  is  given  by 


1  +  n 


slots 


where 


LxJu  “< 


V 


IxJ 


+  1 


if  x  is  an  Integer 


otherwise 


(5.3) 


The  fraction  of  a  slot  expressed  by 


K 


A 


1 

n  I 


(5.4) 


cannot  be  used  for  information  packet  transmissions  and  it  is  not 
required  for  PACK  transmissions.  This  fractional  slot  is  placed 
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(arbitrarily)  at  the  beginning  of  each  channel  access  period  with  the 
acknowledgment  subperiod  preceding  the  information  subperiod  as 
illustrated  in  Figure  5.1. 

The  GRA  channel  under  the  PDS  acknowledgment  scheme  operates  as 
follows. 

Protocol:  GRA  Discipline  -  PDS  ACK  Scheme 

(1)  and  (2)  See  the  corresponding  steps  under  the  PDRA  ACK  scheme 
in  Section  4.4. 

(3)  For  a  collision-free  information  packet  transmission  in 
the  1-th  slot  within  the  n-th  information  subperiod,  a 
PACK  is  transmitted  in  the  i-th  mini-slot  within  the 
(n+l)-st  acknowledgment  subperiod. 

(4)  Each  Information  packet  admitted  by  the  network  control 
procedure  is  transmitted  and  retransmitted  until  successful. 

5.2.1  Channel  State  Process 

The  evolution  of  the  channel  is  described  by  a  vector  Markov 

K  \ 

chain  Z»{Z,n>l}  over  the  space  d  d  x  d  where  d  is  the 
set  of  non-negative  integers,  d^  ■  {0,1}  and 
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{(T 


(I) 

nl 


1.  2, 


Kj), 


(T 


(A) 

nl 


1.  2. 


Kj), 


(A^^,  i  -  1,  2 . iC+P))  . 


The  variable  denotes  the  number  of  Information  packet  retransmis- 

nl 

sions  in  the  i-th  slot  within  the  n-th  information  subperiod  (n  1, 

(A'i 

1  £  1  £  Kj),  the  0-1  variable  indicates  a  PACK  transmission 

in  the  1-th  mini-slot  within  the  n-th  acknowledgment  subperiod  (n  ^  1, 

1  <  1  <  K_),  and  A  .  denotes  the  number  of  uncontrolled  new  message 

arrivals  in  the  1-th  slot  within  the  n-th  frame  (n  ^  1,  1  ^  i  ^  ic+P). 

Let  R  denote  the  number  of  information  packet  collisions  within 
n 

the  n-th  period.  It  is  expressed  by  (4.84)  and  by 


R 

n 


‘'I 

I 

i-1 


ni 


(5.5) 


where  R  .  is  the  number  of  information  packet  collisions  in  the  i-th 
nl 

slot  within  the  n-th  information  subperiod.  The  variable  R^^  is  given 
by 


ni 


N  ,  I(N  > 
ni  ni 


1) 


(5.6) 


where  N  .  denotes  the  number  of  information  packet  transmissions 
nl 

in  the  i-th  slot  within  the  n-th  Information  subperiod  (4.93).  The 

(C) 

controlled  new  message  arrival  variables  {A^^  »  1  1  ^ 
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-  ('C') 

{A^  \  1  <  1  <  K, )  are  governed  by  (4.4)  and  (4.94),  respectively, 
ni  —  —  I 

The  sequence  ,  1  <  i  K_ }  is  governed  by  the  multinomial 

n+1 ,  i  —  ~  I 

distribution  (4.86). 

A  collision-free  information  packet  transmission  in  the  i-th 

slot  within  the  n-th  information  subperiod  is  acknowledged  by  a  PACK 

transmission  in  the  1-th  mini-slot  within  the  (r.+l)-st  acknowledgment 

subperiod.  Let  indicate  a  collision-free  information  packet 

^  ni 

transmission  In  the  i-th  slot  within  the  n-th  information  subperiod. 
Hence , 


gd)  ,  .^(A) 

ni  n+l,i  ’ 


n>l,  l<i<K^.  The  0-1  variable  S''.  is  given  by 
—  —  —  I  nl 


I(N 


ni 


1) 


(5.7) 


(5.8) 


Equations  (4.4),  (4.86),  (4.93),  (4.94)  and  (5.5)  -  (5.8)  yield 

the  transition  probability  function  for  the  vector  Markov  chain  Z 

under  the  PDS  scheme.  The  uncontrolled  new  message  arrival  variables 

{A  ,  1  <  i  <  K+P)  are  statistically  independent  of  Z  ;  and 
n+1 ,  i  —  —  ti 

(T^^?  ,  1  <  1  <  ic, }  and  iT^P  . ,  1  <  i  <  K, }  depend  on  Z  only  through 

n+1 ,1  —  —  I  n+i ,  1  —  —  1  n 

X  =  {(SpP  1  =  1,  2,  ....  K-),  R  }.  The  sequence  X  »  {X  ,  n  1 )  is 
n  nl  ^  R  ” 

a  vector  Markov  chain  over  the  space  x  d.  A  flow  diagram  indicating 

the  transition  X  -♦  X  is  shown  in  Figure  5.2.  Furthermore,  .X 

n  n+1  n+i 

depends  on  X^  only  through  (if  depends  on  X^^  only  through  R^) 
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Figure  5.2  Trantition  for  the  Markov  State  Chain  X  Anociatad 

with  the  GRA  Ditciplina  Under  the  PDS  ACK  Scheme 
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aiul  IK  ,  n  >  1  I  Is  a  scalar  Markov  chain  over  tlie  space  i/. 
n 

Since  PACK  transmissions  are  scheduled  to  avoid  collisions,  the 

sequence  {R  ,  n  >  1 }  describes  the  evolution  of  the  CRA  channel  under 
n  — 

the  PDS  scheme  and  the  evolution  of  the  basic  GRA  channel  discussed 
in  Section  4.1.2.  Like  the  basic  GRA  channel,  the  network  control 
function  on  new  message  arrivals,  which  depends  on  the  number  of 
information  packet  collisions 


yields  an  irreducible,  positive  recurrent  channel  state  sequence 
under  the  PDS  scheme. 


Proposition  5.1 

The  Markov  state  sequences  Z,  X  and  i  IK  which  describe 

the  evolution  of  the  GRA  channel  under  the  PDS  acknowledgment  scheme, 
are  irreducible,  positive  recurrent  using  the  single-threshold  binary 
control  function  defined  by  (5.9). 


Proof 

Similar  technique  as  Proposition  4.1. 


Q.K.D 


Under  the  PDS  scheme,  the  limiting  average  number  of  collision- 
free  Information  packet  transmissions  and  PACK  transmissions  are  equal 
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Therefore,  throughput  (measured  in  packets  per  service  slot)  can  be 
expressed  as  the  limit  (when  it  exists) 


i 


lim  i  E{ 


N 


I 

n“l 


n 

K 


(5.10) 


where  denotes  the  number  of  collision-free  information  packet 

n 

transmissions  within  the  n-th  period.  An  upper  bound  on  throughput 
is  stated  in  the  following  theorem. 


Theorem  5.1 

The  throughput  of  the  GRA  channel  under  the  PDS  acknowledgment 
scheme  specified  by  the  channel  structure  (K,  n)  is  upper  bounded 
by 


i 


(5.11) 


where 

G-  =  {(iCj  -  1)  en[i  +  (kj  -  I)"^]}"^ 
and  kj  is  determined  by  (5.2). 

Proof 

The  expectation  of  given  N^,  the  total  number  of  information 

packet  transmissions  within  the  n~th  period,  is  given  by 


163 


(5.12) 


1  N  -1 

E(S^  ^  |n  )  =  N  (1  -  " 

n  '  n  n 


Applying  the  inequality  (4,25)  to  (5.12)  and  using  (5.10)  proves 


(5.11). 


Q.E.D. 


A  straightforward  simulation  of  the  Markov  chain  X  has  been  used 
to  compute  maximum  throughput  values  for  K  =  12,  n  =  1,9.  The  maximum 
throughput  values  are  0.18  and  0.3  packets  per  service  slot  for 
n  =  1  and  9,  respectively.  The  upper  bounds  computed  using  (5.11) 
are  0.202  and  0.323  packets  per  service  slot. 


5.2.2  Packet  Delay  Analysis 

The  delay  (measured  in  slots)  of  the  n-th  message  is  decomposed 
into  the  sum 


=  W  +  R  +  1/n 
S  n 
n 


(5.13) 


where  is  the  system  waiting  time  of  the  n-th  message  measured  from 
its  arrival  slot  to  the  transmission  mini-slot  of  its  PACK.  The  R 
slot  and  1/n  slot  durations  represent  the  propagation  delay  and 
transmission  time  of  the  PACK.  The  computation  of  the  limiting  average 
packet  delay  parallels  the  technique  Introduced  in  Section  4.2.2. 


Consider  the  channel  structure  illustrated  in  Figure  5.1  where  the 
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fractional  slot  is  placed  at  the  beginning  of  each  channel  access 
period  and  the  acknowledgment  subperiod  precedes  the  Information 
subperiod. 

Theorem  5.2 

With  the  operation  of  a  controlled  GRA  channel  under  the  PDS 
acknowledgment  scheme  described  by  an  Irreducible,  positive  recurrent 
Markov  state  sequence  Z,  the  limiting  average  packet  delay  Is  given 
by 


ECDj) 


^2  +  n 
4  +  n 


1  •«-  2n 
1  +  n 


■)  4  (1  +i) 


E(R  ) 

+  (P+K)  - 7^  +  R 

n 


(5.1A) 


where  the  expectations  are  w.r.t.  the  stationary  distribution. 


Proof 

Similar  technique  as  Theorem  4.2. 


Q.E.D. 


The  limiting  average  packet  delay  expressed  by  (5.14)  Is  the 
average  holding  time  of  a  message  in  the  source  station's  buffer. 

The  packet  delay  measured  from  arrival  at  the  source  station  until 
successful  reception  at  the  destination  station  (data  transfer  delay) 
is  given  by  the  following  corollary. 
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Corollary  5.1 


With  the  operation  of  a  controlled  GRA  channel  under  the  PDS 
acknowledgment  scheme  described  by  an  Irreducible,  positive  recurrent 
Markov  state  sequence  Z,  the  limiting  average  packet  delay  (data 
transfer  delay)  is  given  by 

1  K  ^  K 

=  2  I"*  ^  ^  ^  31(1)7  ^  ^  ^ 

Evh  ) 
n 

where  the  expectations  are  w.r.t.  the  stationary  distribution. 

Proof 

Since  PACK  transmissions  are  scheduled  to  avoid  collisions,  the 

difference  between  E(D  )  and  E(D  )  is  given  by 

D  R 

E{W  (Z  Z  )} 

E(D„)  -  E(D^)  =  -  ■  •  7t^-  - - 

where  the  first  term  on  the.  right  hand  side  of  (5.16)  is  the  limiting 
average  waiting  time  component  measured  from  the  transmission  slot  of 
a  collision-free  information  packet  to  the  transmission  mini-slot 
of  its  PACK.  The  one  slot  and  1/n  slot  durations  represent  the 
information  packet  and  PACK  transmission  times,  respectively.  The 
waiting  time  component  is  given  by 
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W,o(Z  ,  Z  +  <K_  -  1)  +  ...  +  S^P 

12  n  n+1  I  nl  I  n2  nK, 


+  (P+K,)S^^^ 
A  n 


^  ^  ^  2<iL3  +  ■••  +  <«i  -  »•”) 


Applying  Lemma  4.1  to  (5.17)  with  N(Z^,  yields 


E{W,„(Z  ,  Z  ))  . 

E(S^  ) 


(5.18) 


Substituting  (5.14)  and  (5.18)  into  (5.16),  proves  (5.15), 


Q.E.D. 


5.3  Dynamic  Period  Division  -  Scheduled  Acknowledgment  Scheme 

Under  the  DPDS  acknowledgment  scheme,  each  channel  access  period 
is  partitioned  into  an  acknowledgment  subperiod  and  an  information 
subperiod.  Information  packets  are  transmitted  on  a  random  access 
basis  while  PACK  transmissions  are  scheduled.  However,  unlike  the 
PDS  scheme,  the  subperiod  slot  allocations  are  not  fixed.  The  sub- 
period  slot  allocations  adapt  to  the  acknowledgment  traffic  require¬ 
ments. 

Under  the  PDS  scheme,  the  mini-slot  allocation  of  the  acknow¬ 
ledgment  subperiod  is  large  enough  to  accommodate  Kj  PACK  transmissions 
in  each  period  (5.1).  However,  the  likelihood  of  K^  collision-free 
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Information  packet  transmissions  within  a  single  period  Is  highly 

Improbable.  Thus,  In  general,  a  much  smaller  mini-slot  allocation 

Is  sufficient.  In  particular,  the  number  of  necessary  mini-slots 

In  the  n-th  acknowledgment  subperiod  Is  equal  to  the  number  of 

collision-free  Information  packet  transmissions  within  the  (n-l)-st 

Information  subperiod,  Therefore,  the  length  of  the  n-th  acknow- 

n-1 

ledgment  subperiod  (measured  In  slots)  Is  given  by 


j^(A) 

n 


1  s(i) 

n  n-l 


(5.19) 


where  Ixjy  “  [xj  +  I(x  -  [xj  ^0)  and  the  length  of  the  n-th  Information 
subperiod  Is  given  by 


.  (5.20) 

n  n 

The  fraction  of  a  slot  given  by 

j^(A)  _  -(A)  _  g(I)  (5.21) 

n  n  n  n-l 

cannot  be  used  for  Information  packet  transmissions  and  It  Is  not 
required  for  PACK  transmissions.  This  fractional  slot  Is  placed 
(arbitrarily)  at  the  end  of  the  acknowledgment  subperiod.  In  addition, 
the  period  structure  with  the  acknowledgment  subperiod  preceding  the 
Information  subperiod  Is  considered  as  Illustrated  In  Figure  5.3. 
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The  GRA  channel  under  the  DPDS  acknowledgment  scheme  operates 
as  follows. 

Protocol;  GRA  Discipline  -  DPDS  ACK  Scheme 

(1)  New  message  arrivals  within  the  n-th  frame  which  are  admitted 
by  the  network  control  procedure  are 

1)  transmitted  Immediately,  if  they  arrive  during  the 
channel  access  subperiod  allocated  to  Information 
packet  transmissions,  and 

.  11)  transmitted  within  the  n-th  information  subperiod 

In  a  slot  determined  by  a  uniform  distribution  over 

the  available  service  slots,  if  they  arrive  in 

n 

the  Interval  between  the  (n-l)-st  and  n-th  periods 
or  during  the  n-th  acknowledgment  subperiod. 

Messages  which  are  not  admitted  by  the  network  control  pro¬ 
cedure  are  rejected. 

(2)  Each  Information  packet  colliding  within  the  n-th  period 
is  retransmitted  within  the  (n+l)-st  information  subperiod 
In  a  slot  determined  by  a  uniform  distribution  over  the 

available  service  slots. 

n+1 
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(3)  A  PACK  is  transmitted  in  the  i-th  mini-slot  within  the 
(n+l)-st  acknowledgment  subperiod  for  the  i-th  collision- 
free  information  packet  transmission  within  the  n-th 
information  subperiod,  1  i  £  ^n^^* 

(4)  Each  information  packet  admitted  by  the  network  control 
procedure  is  transmitted  and  retransmitted  until  successful. 

Step  (3)  defines  the  algorithm  which  schedules  PACK  transmission  to 
avoid  conflicts.  This  protocol  requires  each  network  station  to 
recognize  and  record  collision-free  information  packet  transmissions 
and  to  compute  the  period  division  using  (5.19)  and  (5.20). 


5.3.1  Channel  State  Process 


The  evolution  of  the  channel  is  described  by  a  vector  Markov 

K  K  ic+P 

chain  Z  =  {Z^,  n  ^  1}  over  the  space  x  d  x  d^  x  d  where  d 
is  the  set  of  non-negative  integers,  d^  =  {0,  1,  ...,  K},  d^  =  {0,1} 
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number  of  Information  packet  retransmissions  in  the  i-th  slot  within 

(A) 

the  n-th  information  subperiod,  indicates  a  PACK  transmission 

in  the  i-th  mini-slot  within  the  n-th  acknowledgment  subperiod,  and 

A  .  denotes  the  number  of  uncontrolled  new  message  arrivals  in  the 
nl 

i-th  slot  within  the  n-th  frame. 

By  definition,  R  (the  number  of  colliding  information  packet 
n 

transmissions  within  the  n-th  period)  is  given  by 


R 

n 


1-1 


ni 


(5.22) 


where  R  .  is  the  number  of  information  packet  collisions  in  the  i-th 
nl 

slot  within  the  n-th  information  subperiod.  It  can  be  expressed  as 


ni 


N  ^  I(N 
nl 


ni 


1) 


(5.23) 


where  N  .  (the  number  of  information  packet  transmissions  in  the 
ni 

i-th  slot  within  the  n-th  information  subperiod)  is  given  by 


n 


ni 


(5.2A) 


1  <  i  <  K 


(I) 


—  —  n 

Since  information  packet  collisions  within  the  n-th  period  arc 
retransmitted  within  the  (n+l)-st  information  subperiod. 


R 

n 


^(I) 

n+1 

I 

1-1 


T 


(I) 

n+l,i 


(5.25) 
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The  sequence  111  1  Is  governed  by  the  following 

multinomial  distribution: 


n+1 , i  i  —  —  n+1 '  n  n 


(“l’  “2’ 


(5.26) 


where  Ola  <R,  1<1<  T  a  »  R  . 

—  i  —  n  —  —  n+1’  1  n 

The  controlled  new  message  arrival  sequence  1  <  i  <  ic+P} 

n+1 ,1  —  — 

is  governed  by  (4.4)  and  the  sequence  1  <  1  <  }  is 

n+1,1’  -  —  n+1 

governed  by  the  following  multinomial  distribution: 


p{a^2 

n+1 


P+K**j 

j(i)i  r\(c) 


(K<») 

n+1  ,  . 

^“i’  “2 . “i>(i)^ 

n+1 


(5.27) 


where  Oia^U,  llil  I  “i  "  J 

By  definition. 


n+l,i 


if  1  <  i  <  s' 


otherwise 


(5.28) 


and  §'  is  determined  by 
n 
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(5.29) 


.(I) 


i^(I) 

n 

I 

i=l 


,(I) 

^ni 


where 

=  I(N  =  1),  1  <  i  < 
nl  ni  —  —  n 

Equations  (4.4),  (5.19)  -  (5.29)  yield  the  transition  probability 

function  for  the  vector  Markov  chain  Z  under  the  DPDS  scheme.  The 

uncontrolled  new  message  arrival  variables  {A  1  <  i  <  ic+P}  are 

n+l ,1  —  — 

statistically  independent  of  Z  ;  and  ,  1  <  i  <  K}  and 

n  n+i , i  ~  — 

,  1  <  i  <  K}  depend  on  Z  only  through  X  =  (S^^\  R  ).  The 
n+l  ,i—  —  n  nn  n 

sequence  X={X,n>l}isa  vector  Markov  chain  over  the  space 
n  ~ 

d~  X  d.  A  flow  diagram  indicating  the  transition  X  X  , ,  is  shown 
K  n  n+l 

in  Figure  5.4. 

Two  possible  network  control  functions  which  yield  irreducible, 
positive  recurrent  Markov  state  sequences  are 


U 


n+l 


(5.30) 


0  ^  =  i(R  >  N^) 

n+l  n  -  n+l  T 


(5.31) 


Both  control  functions  reject  new  message  arrivals  within  the  (n+l)-st 
frame  if  the  threshold  is  exceeded.  The  control  function  (5.30) 
rejects  new  message  arrivals  whenever  the  number  of  information  packet 
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Figure  5.4  TramMon  for  tfto  Markov  Slola  Chain  X  Aiaociatad 

with  tha  ORA  DiMiplina  Under  the  OPDS  ACK  Sehanw 
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rt'l  raitmn  ItiM  loll  oxoi'i'iIn  t  lie  throulKiUI ;  I  lie  eoiitrol  tiiiu'tloii  iS.Ul 


ii'li'oiti  new  mesnane  art'tviilH  wlienovvr  the  ratio  »»!  ret  raiiamt  as  Ioiin 
to  liil ormat  Ion  slot  alloeatlonu  exeemla  the  thresholtl.  These  eoiitiol 
tniu'tti>ns  reijiilie  illlterent  N^.  vnlueM  to  aehleve  eqii  tva  I  «<nt  t  hronj(,h\'ni 
jierf  orinanoe. 

I’lvuioalt  Ion  b.  2 

Th»  veetor  Markov  chains  7.  aiul  X,  which  ilescrlhe  the  evoUit  ton 
of  the  tIRA  channel  under  the  Pl’hS  acknowleditment  scheme,  are  Irreduc- 
Ihle,  positive  recurrent  over  their  respective  riHhiccd  state  spaci's, 
uslnn  either  s  Inule-threalu’ld  binary  control  tunc  t  Ion  dot  Incit  by 
(S.  Un  and  (S.  U)  . 


I*  root 

Similar  technl<iue  as  t’roposltlon  •'» .  I  . 


t’.l'.l’. 


linder  the  DI’DS  acknowledgment  scheme,  TAl’K  t  raiumi I ss  tons  are 
scheduled  to  avoid  collisions.  Thus,  like  thi'  tM\S  scheme,  throunhput 
c.'in  be  expressed  as  the  limit  (5.10),  An  upper  bound  »mi  the  tliiou>;h- 
put  Is  staled  in  the  toltowliiH  thaorcwi. 

Tlu'orem  5.. I 

The  throughput  ol  the  ORA  cliannel  under  the  OI’OS  .icknowledument 
scheme  specllleil  by  the  channel  structure  (K,  n)  Is  upper  bounded  by 


I  7b 


(^) 
o  K  -  2 


i  <  H(K,  n)  'i 


R  -  2 


(n) 

if 

n  < 

K-2 

(n) 

if 

X  <  n  < 

«-3 

(ic) 

if 

K  <  n 

(5.32) 


where 


H«>(x)  -  P 

°  iCd  +  e  /x) 


Hf">(x)  -  ^ 


“^[K(2K  +  1)  (1  ~  1/x)  -  (AK  +_jJl 


2K(1  +  e“^/x){R(l  -  i-'x)  -  2] 


Proof 


Since  {N  ,  I  <  1  £  }  is  governed  by  a  multinomial  distri- 

ni  ’ 


but ion. 


e<S<»|n„.  k«>) 


i(s„  .  1.  R«>  -  i) 


n 


(5.33) 


Applying  the  inequality  (4.25), 
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Naxinum  throughput  values  0.27,  0.34  and  0.34  packets  per  service 
slot  have  been  computed  for  n  ~  1,  9,  12,  respectively,  with  K  >  12 
by  a  straightforward  simulation  of  the  Markov  state  sequence  X. 

The  upper  bounds  provided  by  (5.32)  are  0.305,  0.370  and  0.373 
packets  per  service  slot  for  n  ■  1,  9,  12,  respectively,  with  ic  -  12. 


5.3.2  Packet  Delay  Analysis 

The  delay  D  of  the  n-th  message  is  defined  by  (5.13).  The 
n 

computation  of  the  limiting  average  packet  delay  parallels  the  techni¬ 
que  introduced  in  Section  4.2.2.  Considering  the  channel  structure 
illustrated  in  Figure  5.3,  the  limiting  average  packet  delay  K(Dg) 
given  by  the  following  theorem. 


Theorem  5.4 

With  the  operation  of  a  controlled  GRA  channel  under  the  DPOS 
acknowledgment  scheme  described  by  an  Irreducible,  positive  recurrent 
Markov  state  sequence  Z,  the  limiting  average  packet  delay  is  given 
by 


E[k^'^^(i 

n  _ 

(1  - 1 


11 ) 
n 


inn 


2n 


E(S^*S 

n 


^  n _ n 

^  E(V^^) 

n 


E(R  )  -  E((k^iJ  -  k^'^^R  1 

.  n'  .1  n+1  n  '  n 


E(S^*') 


E(Sy^ 


(5.37) 
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where  the  expectations  are  w.r.t.  the  stationary  distribution. 

Proof 

Consider  the  two  functionals  N(-)  and  W(*)  defined  In  Section 
4.2.2.  Since  new  message  arrivals  admitted  by  the  network  control 
procedure  are  transmitted  and  retransmitted  until  successfully  trans¬ 
mitted  and  since  PACK  transmissions  are  scheduled  to  avoid  collisions. 


and,  In  equilibrium. 


E{N(Z  ,  Z 

n  n+1  n 

-  E(S^^^).  (5.39) 

The  system  waiting  time  function  Is  decomposed  Into  the  sum 


Vl>  -  “o«„-  Vl>- 


(5.40) 


The  waiting  time  components  of  all  new  message  arrivals  within  the  n-th 
frame  measured  from  the  arrival  slot  to  the  transmission  slot  can  be 
expressed  by 
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w  (Z  , 
o  n 


Vl> 


(P  + 


n  nl 


+  (P  +  K 


(A) 


1)A 


(C) 

n2 


+  A^^^  .  +  A^2^  +  2A^5^  +  . . . 

n  k(A)^P  n2  n3 

n 


4- 

-»v> 

n 


(5.41) 


For  Information  packet  transmissions  within  the  n-th  period  which 
experience  collision,  the  interval  from  the  transmission  slot  within 
the  n-th  period  to  the  retransmission  slot  within  the  (n+l)-st  informa¬ 
tion  subperiod  is  measured: 


W,,(Z  .  Z  R  ,  +  -  1)R  ,  +  ...  +  R 

11  n  n+1  n  nl  n  n2 

n 


+  (P  +  K^^J)R  +  -  +  2T^^J  +  .. 

n+1  n  n+1,2  n+1,3 


<«<»  -  UT<» 


n+l,K 


(1) 

n+l 


(5.42) 


For  collision-free  Information  packet  transmissions  within  the  n-th 
period,  the  waiting  time  component  is  measured  from  the  transmission 
slot  within  the  n-th  information  subperiod  bo  the  transmission  mini- 
slot  of  its  PACK  within  the  (n+l)-8t  acknowledgment  suhperlod: 
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Vl> 


S<» 

n  nl 


K—  SV'  +  (k">  -  1)S<»  +  ...  +  s<'! 


aK«> 

n 


+  + 

n  n  ^  n+1,2  n+1,3  ••• 


n 


(5.43) 


By  applying  Lemma  4.1  and  by  taking  advantage  of  the  symmetry 
provided  by  the  uniform  distributed  slot  allocations  for  Information 
packet  transmissions,  (5.37)  Is  proved. 


Q.E.D. 


The  data  transfer  delay  measure,  E(Dj^),  is  given  by  the  following 
corollary. 


Corollary  5.2 

With  the  operation  of  a  controlled  GRA  channel  under  the  DPDS 
acknowledgment  scheme  described  by  an  irreducible,  positive  recurrent 
Markov  state  sequence  Z,  the  limiting  average  packet  delay  (data 
transfer  delay)  Is  given  by 


E<D,) 


P  .  1  - 

2  2  T^rr 


u_)]  e(r  ) 

+  (P+K)  " 


E(S^^^) 

n 


+  1 - n±L__n_in!  +  R  +  1 


E(S^^^) 

n 


v5.44) 
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whoro  iho  exportations  are  w.r.t.  the  stationary  li  1st  r  Unit  ion . 


I’ root 

Since  PACK  transmissions  are  scheduled  to  avoid  collisions,  the 

dlt't'erence  between  E(D  )  and  E(D  )  is  expressed  by  (5.1b).  Therefore, 

S  R 

(5.44)  follows  from  the  proof  of  Theorem  5.4. 

g.E.n. 

5 . 4  Random  Noise  GRA  Channel  Under  the  Dynamic  Period  Division 
S cheduled  Acknowledgment  Scheme 

I'he  operation  of  the  CRA  channel  using  ARQ  error  control  proce¬ 
dures  has  been  examined  under  several  random  access  acknowledgment 
schemes  in  Chapter  IV  and  under  two  scheduled  acknowledgment  schemes 
In  this  chapter.  These  Investigations  determine  the  impiict  of 
acknowledgment  traffic  on  the  performance  (delay,  throughput,  packet 
probability  of  rejection)  of  a  CRA  channel  with  a  fixed  slot  (bandwidth) 
allocation.  Random  noise  effects  are  not  considered.  Specif  i  cjtl  ly  , 
random  transmission  errors  In  collision-free  PACK  and  Information 
packet  transmissions  are  assumed  negligible. 

In  this  section,  the  CRA  channel  vinder  the  DPDS  acknowledgment 
scheme  Is  Investigated  under  a  stationary  transmission  error  process 
model.  Errors  occur  as  independent  events.  With  probability  P^^, 
random  transmission  errors  occur  in  a  single  Information  packet 
transmission,  and  with  probability  1  -  P^j,  no  errors  occur.  Random 
transmission  errors  in  PACK  transmissions  are  assumed  negligible; 
however,  their  effects  can  be  incorporated  by  extending  the 
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techniques  developed  In  this  section. 

I’rotocol :  Rnndom  Noise  GRA  Discipline  -  DPDS  ACK  Scheme 

(1),  (2)  and  (4)  See  the  corresponding  steps  under  the  (^KA  dis¬ 
cipline  -  DPDS  ACK  scheme  in  Section  5.3. 

(3)  A  PACK  Is  transmitted  In  the  i-tii  mini-slot  within  the 

(n+l)-st  acknowledgment  subperiod  for  tlie  1-th  collision- 
free  Information  packet  transmission  within  tlie  n-tli  Inforncj- 
tlon  subperiod,  1  1  ^  information  packet  is 

received  by  the  destination  station  without  random  transmis¬ 
sion  errors.  Each  collision-free  Information  packet 
transmission  within  the  n-th  Information  svihperiod  wliicli 
remains  unacknowledged  at  the  end  of  the  two  frame  acknow¬ 
ledgment  time-out  Interval  is  retransmitted  within  the 
(n+2)-nd  information  subperiod  In  a  slot  determined  by 

a  uniform  distribution  over  the  available  service 

n+2 

slots . 

5.4.1  Channel  State  Process 

The  evolution  of  the  random  noise  channel  is  described  by  a 
vector  Markov  chain  7.  -  {7^,  n  1 )  over  the  space  x  x  (f  x  x 
where  if  is  the  set  of  non-negative  integers,  •  tO,  1 ,2 , . . .  ,K) , 
if^  «  (0,1),  and 
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z  -  i  -  1,  2. 

n  n-l’  ni  ' 


...  K).  i  -  1.  2,  ....  K). 


1  -  1,  2,  ....  K),  (A^^,  1  -  1,  2 . K+P)}, 


The  variable  denotes  the  number  of  collision-free  information 

n-1 

packet  transmissions  within  the  (n-l)-st  period.  The  v.ariable 
(F) 

T  .  denotes  the  number  of  information  packet  retransmissions  in  the 
nl 

i-th  slot  within  the  n-th  information  subperiod  from  among  the  informa¬ 
tion  packets  transmitted  within  the  (n-2)-nd  period  without  collision 

but  with  random  transmission  errors.  The  variable  T^l^  denotes  the 

nl 

number  of  Information  packet  retransmissions  in  the  1-th  slot  within 

the  n-th  information  subperiod  from  among  the  infornwtlon  packet 

(A) 

collisions  within  the  (n-l)-st  period.  The  0-1  variable  T  .  in- 

nl 

dicates  a  PACK  transmission  in  the  1-th  mini-slot  within  the  n-th 


acknowledgment  subperiod.  The  variable  A  .  denotes  the  number  of 

ni 

uncontrolled  new  message  arrivals  in  the  i-tl»  slot  within  the  n-th 
frame . 


Let  F  denote  the  number  of  Information  packets  transmitted 
n 

wltiiln  the  n-th  Information  subperiod  without  collision  but  with 

random  transmission  errors,  and  let  S'  denote  the  number  of  suc- 

n 

cessful  information  packet  transmissions  (i.e.,  collision-free  and 
without  random  transmission  noise  errors)  within  the  n-tl>  information 
subperiod.  Therefore, 
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<5.45) 


=  F  + 

n  n  n 


The  number  of  random  noise  transmission  failures  within  the  n-th  period 
can  be  expressed  by 

''n  •  Jj  (5.46) 

where  indicates  whether  random  noise  errors  are  detected  in  the 
i-th  collision-free  information  packet  transmitted  within  the  n-th 
information  subperiod: 


^^^nl  =  =< 


if 


1  - 


i  =  1 


j  =  0 


1  <  1  < 

—  —  n  ' 


-  (SI 

The  variable  '  is  given  by 


K 


(I) 


(S) 


n  nl 


(5.47) 


(5.48) 


'  (s) 

where  Indicates  a  successful  information  packet  transmission  in 

the  i-th  slot  within  the  n-th  information  subperiod  with 
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since  random  transmission  errors  In  PACK  transmissions  are  assumed 


1 


Hence,  ,  i  =  1,  2,  }  is  governed  by  the  following 

n*ri ,  1  n+i 


multinomial  distribution: 


=  gp  a^.  •••.  ““  (i)^ 

n-1  K  ,, 

-<1) 

where  0<a^<F  ,,l<i<K,,,  )  a.  =F  The  variables 

—  i  —  n-1  —  —  n+1  i  n-1 

'  and  R  are  defined  by  (5.29)  and  (5.22),  respectively,  where 
n  n 


(5.54) 


ni  ni  ni  n,P+K^^^+i 

n 


(5,55) 


1  <  i  < 

—  —  n  ' 

Equations  (4.4),  (5.19)  -  (5.23),  (5.25)  -  (5.29)  and  (5.45)  - 
(5.55)  yield  the  transition  probability  function  for  the  vector 
Markov  chain  Z  for  the  random  noise  channel  under  the  DPDS  scheme. 

The  sequences  {T^^|  1  1  i  1  K),  (T^^^  1  £  i  <  K)  and 

{T^^^  1  5.  i  K}  depend  on  Z^  only  through  • 

The  sequence  X=  {X^,  n^l}  is  a  vector  Markov  chain  over  the  space 
d-  X  d  X  (i~  .  A  flow  diagram  indicating  the  transition  X^  ->  is 

shown  in  Figure  5.5. 

Analogous  to  the  control  functions  defined  by  (5.30)  and  (5.31) 
in  Section  5.3,  the  following  two  control  functions  yield  irreducible, 
positive  recurrent  Markov  state  sequences: 
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«.•  or  ■.  '.ii 


Figur*  6.5  Tramition  ***•  Markov  Stata  Chain  X  Attociatad 

with  tha  Random  Noita  ORA  DIacIpllna  Undar  tha  OPDS  ACK  Schama 


(5.56) 


U  ^  -  I(R  +  F  >  N^) 

n+1  n  n-1  —  T 


and 


U  -  I(R  +  F  >  N^) 

n+1  n  n-1  -  n+1  T 


(5.57) 


Proposition  5.3 

The  vector  Markov  chains  Z  and  X,  which  describe  the  evolution 
of  the  random  noise  GRA  channel  under  the  DPDS  acknowledgment  scheme, 
are  Irreducible,  positive  recurrent  over  their  respective  reduced 
state  spaces,  using  cither  single-threshold  binary  control  function 
defined  by  (5.56)  and  (5.57). 


Proof 

Similar  technique  as  Proposition  4.1. 


Q.E.D. 


Substituting  (5.50)  Into  (5.45)  yields 


(A)  .  .(I) 
n+1 


n 


F 

n 


(5.58) 


Since  F^  Is  expressed  by  (5.46)  and  F^^  is  governed  by  the  Bernoulli 
distribution  (5.47),  F^  is  governed  by  the  binomial  distribution: 
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(5.59) 


P(F„  .  J1S«>  -  t)  -  (j')  Pjd  -  P,)'-J 


0  <  J  ^  <t.  Therefore, 


(5.60) 


Theorem  5.5 

The  throughput  of  the  random  noise  GRA  channel  under  the  DPDS 
acknowledgment  scheme  specified  by  the  channel  structure  (K,  n)  is 
upper  bounded  by 


4  <  (1  -  Pj^)  H(K,  n)  (5.61) 

where  H(K,  n)  is  defined  by  (5.32). 

Proof 

Substitute  (5.60)  into  (4.16)  and  apply  the  upper  bound  of 
Theorem  5.3. 

Q.E.D. 


5.4.2  Packet  Delay  Analysis 

The  delay  of  the  n-th  message  is  defined  by  (5.13).  The 
n 

computation  of  the  limiting  average  packet  delay  follows  the  technique 
Introduced  in  Section  4.2.2  by  extending  the  results  of  Lemma  4.1 
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.  la  and  W(*)  are  t imo -homogeneous  functions 

so  that  the  functionals  N(*)  and  wt 

o,  n  .  n  i  U.  v„  .  0.„.  V2>- 

an  irreducible,  positive  recurrent  Markov  chain  with  stationary 

distribution  “'>»«'  ' 

.no  U-ltlns  .ver,de  p.cbet  dels,  E,»,,  Is  Zl-  b,  tbo  loUo.lnp 

tbeore.  tor  tbs  cbannel  structure  lUustr.ted  In  Figure  5.3. 


Theorem  5.6 

with  tbe  operntlon  of  .  controlled,  random  noise  GRA  channel 
under  the  DPDS  acknowledgment  scheme  described  by  an  Irreducible, 
positive  recurrent  Markov  state  sequence  Z,  the  Uniting  average 
packet  delay  Is  given  by 


EtOg) 


lp+iK+i(l+-)+R+2  ""a  -  Pr> 


n 


1  n  _ _ n. _ 

n 


E(R^)  1 


+  2(P+K) 


fg  1  ^l^n'Cl  -In''’" 

^  .  -1.  —  - - - ■;  rv 


~P~  2 

N 


(5.b2) 


►  t-isgs  titationarv  distribution 
„here  the  expectations  are  w.r.t.  the  stations  y 
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Proof 


Since  new  message  arrivals  admitted  by  the  network  control 
procedure  are  transmitted  and  retransmitted  until  successfully  trans¬ 
mitted  (collision-free  and  without  random  noise  errors),  in  equilibrium. 


E{N(Z  ,  Z  Z 

n  n+1  n+2  n 


“  E(S^^^) 
n 


(5.63) 


And  from  (5.50), 


E(§ 


(5.6A) 


The  system  waiting  time  function  is  decomposed  into  the  sum 


W(Z  ,  Z  ,  z  .,)  -  W  (Z  ,  Z  ,  Z  ^,) 
n  n+1  n+2  o  n  n+1  n+2 


(5.65) 


The  function  W  (Z  ,  Z  ,,,  Z  ^»)  denotes  the  sum  of  the  waiting  time 
o  n  n+i  n+^ 

components  of  all  new  message  arrivals  within  the  n-th  frame  measured 
from  the  arrival  slot  to  the  transmission  slot  and  it  is  expressed  by 
(5.41).  For  information  packet  transmissions  within  the  n-th  period 
which  experience  collision,  the  Interval  from  the  transmission  slot 
within  the  n-th  information  subperiod  to  the  retransmission  slot  within 
the  (n+l)-st  information  subperiod  is  measured; 
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^n+1’  ^n+2^  expressed  by  (5.42). 

For  successful  Information  packet  transmissions  (collision-free 
and  without  random  noise  errors)  within  the  n-th  period,  the  waiting 
time  component  is  measured  from  the  transmission  slot  within  the 
n-th  information  subperiod  to  the  PACK  transmission  mini-slot  within 
the  (n+l)-st  acknowledgment  subperiod: 


^n+1’  ^11+2' 


s'f  + 

n  nl 


(K^^> 

n 


-  1) 


+ 

j^jj(I)  n  n  n+1,2 


+  .  +  ...  +  (S^^^ 

n+1 , 3  n 


1)  ,-J.(5.b6) 

n+l,§^^^ 

n 


For  collision-free  information  packet  transmissions  within  the  n-th 
period  which  are  rejected  by  the  destination  stations  due  to  random 
noise  errors,  the  waiting  time  component  is  measured  from  the  trans¬ 
mission  slot  within  the  n-th  information  subperiod  to  the  retransmission 
slot  within  the  (n+2)-nd  information  subperiod: 


F  1  +  (K:-  -  1)  F  _  + 


od) 


’13'  n+1*  n+2'  n  nl 


n2 


+  F  +  (2P  +  ii  + 

nK 

n 


,(F)  .  ,_(F) 

‘n+2,2  ^  n+2,3 


+  T':i  ,  +  2t::;  +  (k 


i>(I) 

'n+2 


-  1)  T 


(F) 


(5.67) 
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The  packet  delay  expressions  (5.62)  and  (5.68)  for  the  random 
noise  channel  and  the  corresponding  delay  expressions  for  the  noiseless 


channel  (5.37)  and  (5.44)  have  similar  structures.  The  differences 

Include  the  appearance  of  and  In  (5.62)  and  (5.68)  which 

n  n 

accounts  for  the  fact  that  with  the  random  noise  channel  not  all 
collision-free  Information  packet  transmissions  are  positively  acknow¬ 
ledged.  Also  the  following  additional  terms  appear  In  (5.62)  and 
(5.68): 


2(P+K) 


-  e’» 


E(S^^^) 

n 


These  terms  represent  the  addltonal  delay  experienced  when  information 
packets  must  be  retransmitted  due  to  random  noise  errors. 


5.5  Numerical  Results 

The  delay  and  throughput  performance  of  the  GRA  channel  under 
the  PDS  and  DPDS  acknowledgment  schemes  has  been  determined  by  simula¬ 
ting  the  appropriate  Markov  state  sequences.  These  simulations  yield 
the  necessary  statistics  to  evaluate  the  throughput  using  (4.16) 

with  (5.60)  when  P.,  >  0  or  using  (5.10)  when  P  =  0.0.  The  limiting 
N  ~  N 

average  packet  delays  are  computed  by  substituting  the  necessary 
statistics,  obtained  by  simulation,  Into  (5.14)  and  (5.15)  for  the 
PDS  scheme  and  Into  (5.62)  and  (5.68)  for  the  DPDS  scheme.  As 
previously  remarked  In  Chapter  IV,  the  Markov  chain  simulations  are 
run  for  a  large  but  finite  number  of  slots;  hence,  these  results 
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»y  applying  W,  4.1  („UK  .pp„p„.tn  e,l.„4ip„p,  ,„g  ty 
laUng  .gv.„4.,p  ,,, 

Plot  .llon.pln„s  for  l„f„r,»rio„  pnoPor  rransnlnslons,  (5.61,  u 
proved . 


Q.E.D. 


by  an  irreduclblt 


Corollary  5.3 

With  the  operation  of  a  controlled 

ncroiied,  random  noise  GRA  channel 

under  the  DPDS  acknowledgment  scheme  described 

positive  recurrent  Markov  state  sequence  Z  the 

equence  Z,  the  limiting  average  packet 

delay  (data  transfer  delay)  is  given  by 

F.rn  ^  =  I  ^  1  E(R  ) 

^  2+2  +  (P+ic)  —  " 

R 


E(S^^^) 


E(S^^^) 


-  +  2(P+K)  - - N 


1  -  P.. 


E(§^^^) 


+  R  +  1 


where  the  expectations 

(1.1.1)}. 


are  w.r.t.  the  stationary  distribution 


(5.68) 


Proof 


Similar  technique  as  Corollary  5.2. 


Q.E.D. 
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The  packet  delay  expressions  (5.62)  and  (5.68)  for  Che  random 
noise  cl\annel  and  the  corresponding  delay  expressions  for  the  noiseless 


channel  (5.37)  and  (5.44)  have  similar  structures.  Tlie  differences 

Include  the  appearance  of  and  in  (5.62)  and  (5.68)  which 

n  n 

accounts  for  the  fact  that  with  the  random  noise  channel  not  all 
collision-free  information  packet  transmissions  are  positively  acknow¬ 
ledged.  Also  Che  following  additional  terms  appear  in  (5.62)  and 
(5.68): 


2 (P+K) 


1  -  P. 


4 


n 


These  terras  represent  the  additonal  delay  experienced  when  information 
packets  must  be  retransmitted  due  to  random  noise  errors. 


5 . 5  Numerical  Results 

The  delay  and  throughput  performance  of  the  GRA  channel  under 
the  PDS  and  DPDS  acknowledgment  schemes  has  been  determined  by  simula¬ 
ting  the  appropriate  Markov  state  sequences.  These  simulations  yield 
Che  necessary  statistics  to  evaluate  the  throughput  using  (4.16) 
with  (5.60)  when  P„  >  0  or  using  (5.10)  when  P  =  0.0.  The  limiting 
average  packet  delays  are  computed  by  substituting  the  necessary 
statistics,  obtained  by  simulation,  into  (5.14)  and  (5.15)  for  the 
PDS  scheme  and  into  (5.62)  and  (5.68)  for  the  DPDS  scheme.  As 
previously  remarked  in  Chapter  IV,  the  Markov  chain  simulations  are 
run  for  a  large  but  finite  number  of  slots;  hence,  these  results 
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represent  estimates  which  Indicate  performance  trends  and  should  not 
be  interpreted  as  absolute. 

Maximum  throughput  results  with  K  •  12,  P„  “  0.0  are  summarized 
in  Table  5.1  for  the  GRA  channel  under  the  PDS  and  DPDS  acknowledg¬ 
ment  schemes.  Values  for  the  GRA  channel  under  the  PDRA  (random  ac¬ 
cess)  acknowledgment  scheme  and  for  the  basic  GRA  channel  are  included 
for  comparison.  As  expected  the  scheduled  acknowledgment  schemes 
provide  higher  maximum  throughput  values  than  the  random  access  schemes. 
In  addition,  the  slot  allocations  of  the  DPDS  scheme  which  adapt  to 
the  acknowledgment  traffic  requirement  yield  higher  maximum  throughput 
values  than  the  fixed  allocations  of  the  PDS  scheme.  Larger  values 
of  n  (the  ratio  of  information  packet  size  to  PACK  size)  yield  higher 
maximum  throughput  values.  The  maximum  throughput  value  imder  the 
DPDS  scheme  with  n  =  9  is  approximately  0.34  packets  per  service 
slot  which  approaches  the  performance  of  the  basic  GRA  channel  (e  ^). 


TABLE  5.1.  MAXIMUM  THROUGHPUT  VALUES  FOR  THE  GRA 
DISCIPLINE  WITH  ic  -  12,  P^^  =  0.0 


Ac  knowledgmen  t 
Scheme 

PDRA 

PDS 

DPDS 

Basic  GRA 


Maximum  Throughput 


n  »  1 

II 

0.14  (iCj  =  6) 

0.26  (iCj  =  10) 

0.18  (Kj  -  6) 

0.30  (iCj  -  10) 

0.27 

0.34 

e"^  (*  0.368) 

e"^  (:  0.368) 
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Average  packet  delay  versus  probability  of  rejection  curves 
for  the  GRA  channel  under  the  PDS  and  DPDS  acknowledgment  schemes 
with  K  •  P  =  R  =  12  are  shown  in  Figure  5.6  with  n  =  1  and  in  Figure 
5.7  with  n  “  9.  Curves  for  the  GRA  channel  under  the  DPDS  scheme  are 
shown  for  P^^  =  0.0,  0.1.  In  general,  larger  delays  and  higher  prob¬ 
abilities  of  rejection  are  experienced  over  the  random  noise  GRA  channel 
with  non-zero  packet  noise  error  probabilities  (P^  >  0)  than  over  a 
noiseless  GRA  channel  when  both  channels  operate  under  the  DPDS  scheme. 

When  Pj^  “  0.0,  lower  delay  values  for  the  corresponding  rejection 
probabilities  are  achieved  under  the  DPDS  scheme  than  under  the  PDS 
scheme  for  all  values  of  n  ^  1.  When  n  =  1,  the  performance  advantage 
with  the  DPDS  scheme  is  substantial.  For  example,  with  A  =  0.1  packets 
per  slot  the  DPDS  scheme  achieves  a  minimum  rejection  probability  of 
approximately  0.0  with  an  average  delay  of  55  slots.  The  PDS  scheme 
yields  a  higher  minimum  rejection  probability  0.11)  with  a  larger 
average  delay  ('  76  slots).  This  difference  is  due  to  the  50%  slot 
allocation  to  acknowledgments  (i.e.,  K  “  6,  R  =  12)  under  the  PDS 

A 

scheme.  Since  the  number  of  slots  dedicated  to  each  acknowledgment 
subperiod  under  the  PDS  scheme  decreases  as  n  increases,  the  per¬ 
formance  margin  between  the  PDS  and  DPDS  schemes  decreases  with 
increasing  n. 

Average  packet  delay  D  versus  packet  probability  of  rejection 
curves  are  shown  in  Figure  5.8  with  K  =  P  =  R  =  12,  P^^  =  0.0  for  the 
basic  GRA  channel  and  for  the  GRA  channel  under  the  DPDS  acknowledgment 
scheme  with  n  “  1,  9.  These  results  indicate  (analogous  to  maximum 
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i 


throughput  results)  that  the  performance  under  the  DPDS  scheme  ap¬ 
proaches  the  basic  GRA  channel  performance  with  increasing  values 
of  n. 

Packet  probability  of  rejection  versus  packet  noise  error  prob¬ 
ability  curves  are  shown  in  Figure  5.9  and  average  packet  delay  versus 
packet  noise  error  probability  curves  are  shown  in  Figure  5.10  for 
the  GRA  channel  under  the  DPDS  acknowledgment  scheme  with  K  =  P  =  R  = 
12,  n  “  9.  Constant  message  arrival  rate  curves  are  presented  for 
two  network  control  procedure  threshold  values  (N^  ^  ’  These 

results  demonstrate  the  performance  loss  experienced  with  random 
noise  GRA  channels:  larger  delays  and  higher  rejection  probabilities. 
In  addition,  these  results  indicate  a  significant  sensitivity  to  the 
choice  of  threshold  value  (N.^)  as  a  function  of  message  arrival  rate. 

5 . 6  Conclusions 

The  operation  of  the  GRA  channel  under  two  scheduled  acknowledg¬ 
ment  schemes  was  studied  in  this  chapter.  Under  the  PDS  scheme,  each 
period  was  partitioned  into  two  fixed  length  subperiods.  Under  the 
DPDS  scheme  the  subperiod  slot  allocation  was  adapted  to  the  acknow¬ 
ledgment  traffic  requirement.  Under  both  schemes,  the  information 
packets  were  transmitted  on  a  random  access  basis  in  one  subperiod, 
while  PACK  transmissions  in  the  second  subperiod  were  scheduled  to 
avoid  collisions.  The  channel  state  process  under  each  acknowledg¬ 
ment  scheme  was  described  by  an  irreducible,  positive  recurrent  Markov 
chain.  Upper  bounds  on  the  maximum  throughput  and  expressions  for 
the  limiting  average  packet  delay  were  derived.  In  addition,  a  random 
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noise  CRA  channel  under  the  DPDS  acknowledgment  scheme  was  investigated. 
A  stationary  transmission  error  process  model  in  which  errors  occur 
as  independent  events  was  examined. 

Numerical  examples  of  the  delay-throughput  (rejection  probability) 
function  were  presented  with  K  ■  P  =  R  “  12,  n  *  1,  9.  The  delay  and 
throughput  performance  of  the  GRA  channel  under  the  DPDS  scheme  was 
shown  to  be  superior  to  the  performance  under  the  PDS  scheme.  Both 
schemes  provided  reduced  performance  compared  to  the  basic  GRA  dis¬ 
cipline  without  acknowledgment;  however,  the  margin  diminished  as  n 
was  Increased.  The  performance  loss  of  the  random  noise  GRA  channel 
under  the  DPDS  acknowledgment  scheme  was  demonstrated.  Non-zero 
packet  noise  error  probabilities  (P„  >  0)  yielded  larger  delay  values 
and  higher  rejection  probabilities. 
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CHAPTER  VI 


CONCLUSIONS  AND  SUGGESTIONS  FOR  FUTURE  RESEARCH 


6.1  Sununary  anJ  Conclusions 

In  this  dissertation,  ARQ  error  control  systems  were  applied  to 
communication  over  a  multi-user  multi-access  broadcast  channel. 

Two  channel  access-control  disciplines  were  examined:  a  fixed 
scheduling  TDMA  discipline  and  a  random  access  GRA  discipline.  ARQ 
error  control  procedures  were  integrated  with  these  access-control 
disciplines  and  the  normal  performance  indices  such  as  channel  through¬ 
put  and  message  delay  were  evaluated. 

The  operation  of  a  TDMA  channel  using  SW  and  Block  ARQ  error 
recovery  procedures  was  examined  under  several  acknowledgment 
mechanisms.  The  generating  function  of  the  message  delay  distribution 
at  steady  state  was  derived  for  multi-packet  messages  under  random 
acknowledgment  delays.  Expressions  for  the  message  delay  mean  and 
variance  were  obtained.  The  operation  of  a  TDMA  channel  was  also 
examined  under  the  SR  ARQ  error  recovery  procedure.  By  considering 
single-packet  messages  and  constant  acknowledgment  delays,  the 
evolution  of  the  channel  was  described  by  a  vector  Markov  chain. 

The  conditions  for  ergodlcity  were  stated.  Upper  and  lower  bounds 
on  the  average  delay  at  steady  state  were  derived.  Numerical  examples 
of  the  delay  and  throughput  performance  were  presented  for  a  stationary 
transmission  error  process  model  with  a  Poisson  distributed  message 


arrival  process.  These  results  demonst rated  the  perforirumce  advantune 
possible  with  tlie  SR  ARQ  scheme  compared  to  the  SW  or  Block  ARQ 
schemes  for  communication  channels  with  non-zero  error  rates.  Tl>ese 
results,  derived  for  the  TOMA  channel,  are  with  obvious  modifications 
also  appropriate  for  a  slotted  Frequency  nivlsion  Multiple  Access 
channel  and  for  a  slotted  statistical  concentrator  used  with  single- 
access  communication  links. 

The  operation  of  the  GRA  channel  vinder  three  random  access  and 
two  scheduled  acknowledgment  schemes  was  examined.  The  evolution  of 
the  channel  under  each  scheme  was  described  by  an  Irreducible,  positive 
recurrent  Markov  chain.  Upper  bounds  on  the  maximum  throughput  and 
expressions  for  the  limiting  average  packet  delay  were  derived. 
Numerical  examples  of  the  delay-throughput  (rejection  probability) 
function  were  presented.  Both  the  delay  and  the  throughput  performance 
under  the  random  access  acknowledgment  schemes  were  found  to  be 
substantially  reduced  compared  to  the  basic  GRA  discipline  without 
acknowledgment.  The  scheduled  acknowledgment  schemes  performed  better 
than  the  random  access  acknowledgment  schemes  and  as  the  ratio  of  the 
information  packet  size-to-PACK  size  Increased,  the  performance  nder 
the  scheduled  acknowledgment  schemes  approached  the  basic  GRA  channel 
performance.  A  stationary  transmission  error  process  model  In  which 
errors  occur  ns  Independent  events  was  examined.  The  performance  loss 
of  the  random  noise  GRA  channel  under  the  Dynamic  Period  Division  - 
Scheduled  acknowledgment  scheme  was  demonstrated. 
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b.2  Suiigcst  Ions  for  Future  Research 

Several  possible  directions  for  future  work  will  now  be  indicated. 
In  this  dissertation  ARQ  error  control  systems  wore  analyzed  for  a 
network  of  stations  communicating  over  a  multi-access  broadcast 
channel.  Forward  error  correction  systems  and  hybrid  systejns  which 
use  both  FF,C  and  ARQ  techniques  should  be  investigated  and  compared 
to  the  results  obtained  in  this  dissertation.  These  results  could  be 
extended  to  Include  the  effects  of  various  modulatiovi  schemes  and  coding 
procedures.  Such  studies  could  relate  the  information  rate  of  the 
channel  at  prescribed  message  delay  and  error  probabll Ity  values  to 
the  various  components  of  the  communication  system. 

Two  channel  access  control  disciplines  were  examined.  In  particu¬ 
lar,  the  operation  of  the  TDMA  channel  under  the  SR  ARQ  system  was 
examined  for  single-packet  messages.  It  would  be  worthwhile  to  extend 
these  results  to  multi-packet  messages  and  obtain  both  mean  and  vari¬ 
ance  expressions  for  mes.sage  delay.  Furthermore,  investigations  of 
the  TP^(A  and  GRA  channel.s  tinder  alternative  acknowledgment  systems 
such  as  negative  acknowledgment  or  positive  acknowledgment  with  time¬ 
out  thresholds  could  be  condvictcd.  In  addition,  a  station.ary  trans¬ 
mission  error  process  model  in  which  errors  occur  as  independent 
events  was  considered  in  this  dissertation.  Developing  results  for  a 
Markovian  noise  model  would  be  Important. 

Finally,  in  this  dissertation,  various  error  control  Implementation 
protocols  for  the  TDMA  and  GRA  channels  were  proposed,  analyzed,  and 
then  compared.  To  develop  a  methodology  for  syntlieslzing  not  only  the 
error  control  system  but  also  the  basic  channel  access-control 
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APPENDIX  A 


A.  1  Proof  of  Lemma  2.1 

Tlie  group  arrival  process  is  described  by  the  stochastic  jump 

process  { (t  ,C  ),  n  >  1}  and  the  service  requirement  of  the.  n-th 
n  n  — 

group  is  governed  by  (2.3).  The  number  of  groups  buffered  at  the 
source  station  following  the  departure  of  the  n-th  group  is  denoted 
by  L^.  With  the  number  of  group  arrivals  during  the  n-th  group's 
service  time  denoted  by  the  group  queue  size  is  governed  by  the 
following  recursive  relationship: 

Vi  11*  ♦  Vi  <*•'> 

where  [x]^  ■  max  (0,x).  Define 

00 

L*(z)  -  ^  P(L  =  J)z^  |z|  <  1  (A. 2) 

J-0  " 

and 

CIO 

L*(z,w)  “  'l  L*(z)w*'  |w|  <  1  .  (A.  3) 

n-0  " 


From  (A.l)  -  (A. 3) ,  it  follows  that 


L*(z,w) 

r 

i 


zL*(z)  +  (z-1)  L*(0,w)  M*(z)w 
z  -  M*(z)w 


(A. 4) 


M 

for  |z(  <  1,  |w|  <  1  where  M*(z)  ■  E{z  The  botindary  term  l,*(0,w) 

is  determined  by  the  analytlclty  of  L*(z,w)  in  |z|  <  1,  |w|  <  1  (see 
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Chu  and  Konhelm  [57]}. 

It  is  well  known  Chat  Che  stationary  distribution  of  the  Markov 

chain  {L  ,  n  >  0}  exists  when  p  ■  E(M  )  <  1.  With  L-  ■  0,  the 
n  -  n  0 

application  of  a  Tauberlan  theorem  yields 


L*(z)  -  11m  (1  -  w)  L*(z,w) 
w+1 


(1  -  p)(z  -  1)  M*(z) 
z  -  M*(z} 


|z|  <  1 


(A. 5) 


But 

M*(z)  "  s*(z(i  -  n.)  +  n„) 
o  o 


(A. 6) 


and,  therefore,  (A. 5)  becomes 


L*(z) 


(InO  (2-1)  S*(z(l  -  n  )  +  n  ) 
_ o _ o__ 

z  -  S*(z(l  -  n^)  +  n^) 


(A.7) 


is 


The  system  delay  D 
given  by 


(S) 

n 


(measured  in  frames)  of  the  n-th  group 


1  „(L) 

M  n 


+  S 

n 


(A.  8) 


Since  W^^^  and  S  are  statistically  Independent,  the  generating  func- 
n  n 

tion  of  the  system  delay  distribution  is 


D*  (z) 
n 


W*  (z^^”)  S*(z) 
n 


(A. 9) 
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is  equal 


for  |z|  <1.  The  number  of  groups  arriving  during 

n 

to  the  group  queue  size  L^;  therefore,  the  generating  function  of  the 
system  delay  distribution  is 


D*  U) 
n 


(A. 10) 


Using  (A. 9)  and  (A. 10) ,  the  generating  function  of 
distribution  is  given  by 


W*  (z) 
n 


M 

z 


S*(z”) 


the  waiting  time 


(A. 11) 


Since 


G  and 
n  n 


are  statistically  Independent, 


(2.3)  yields 


S*(z)  -  G*(s*(z)) 


-  ^  [N*(s*(z))  -  n^] 

O 


(A. 12) 


Thus  for  p  “  ^  the  limiting  waiting  time  distribution  exists 

and  the  generating  function  at  steady  state  is 


w*(,) 


z  - 

"*<irrTr^> 

o 

M 

S*(z”) 


(A.  13) 


The  desired  result  follows  by  substituting  (A. 7)  and  (A. 12)  into 
(A. 13). 

g.E.n. 
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A. 2  Proof  of  Lemma  2.2 


Consider  the  discrete-time  renewal  point  process  {e  ,  m  >  1) 

m 

where 


e 

m 


m-1 

1  +  I  G 
J-1  J 


Messages  form  the  time  index  for  this  process,  while  events  are  the 
occurrence  of  group  leaders.  Thus  e^  marks  the  occurrence  of  the 
leader  of  the  m-th  group.  Let  denote  the  time  between  n  and  the 
last  occurring  event.  This  time  represents  the  number  of  messages 
served  ahead  of  the  n-th  message  from  among  the  messages  of  its  own 
group.  From  renewal  theory  (58,  59  ],  is  the  age  or  backward 
recurrence  time  at  n.  Its  limiting  distribution  always  exists  and 
its  generating  function  Y*(z)  is  given  by 


Y*(z)  - 


1  -  G*(z) 


(A.U) 


for  Izj  <  1. 

The  waiting  time  (measured  in  slots)  of  the  n-th  message  beyond 
that  of  its  group  leader  can  be  expressed  as 


-  M  f  S 
"  1-1  ' 


(1) 

m 


(A. 15) 


Since  Y  and  are  statistically  Independent,  the  generating  func- 

n  n 

(G) 

tlon  for  the  limiting  distribution  of  is  given  by 
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(A. 16) 


W*(z)  -  y*(8*(z^)) 

The  desired  result  follows  by  using  (A. 12),  (A. 14)  and  (A. 16)* 

Q.E.D. 


A.  3  Sisnmary  of  Completion  Tine  Moments 

Results  for  the  first  3  moments  of  completion  time  are 

n 

stated  for  the  six  ARQ  -  ACK  schemes.  These  expressions  are  appro¬ 
priate  for  the  stationary  transmission  error  process. 


SW  ARQ  -  PP  ACK 


N 


E(S<»S»>|B,)  ■  V 

"  "  ‘  (1  - 

^  n  n  n  '  £  .  p^)3 


(A. 17) 

(A. 18) 

(A. 19) 


SW  ARQ  -  MMNS  ACK 


B,  -f  ki  -  1 


(1  -  P„) 


(A. 20) 


220 


E(S«>s<«Ir  >  .  ♦  l-R  -  2k, +1112  -  (1  . 

n  n  '  e'  ~  ^  — - - 


2B, 

«-V  ' 


i-n’  ‘I 


(A. 21) 


P /O  )o  (i)  r,  (1  )  I  _  V  3  ? 

‘"n  \  |B,)  ■  IB,  f  3B,(kj-l)  +  3B,(k^-2k,*l,  3-  k,  -  3k 


+  3k,-ll,e  -  Ml  - 


(A. 22) 


SW  ARQ  -  MMS  ACK 


[1  -  (1  _  p®)^j 


(A. 2 3) 


n  n  '  n'  : 


+  Pk,) 
(1  -  p„)^ 


+  (k2  -  2k^+l)  I  (2nri-l)  (i 
ni“0 


<1  -  pj)"') 


+  2B,(k,-l)  f  [1 

N  m-0 


(1  -  P™)®'] 


+  I  n,  Pjjd  _  \ 

m-1  “ 


(A. 24) 


where 


,(s<l)s(l)s(l)|,^,  -  '3  *  *  «'‘2  - 


■f  (kj  -  3k2  +  3k^  -  l)E„ 


OO  cb  CQ 


^0  =  I  I  I  ^<8^^  >  0»  8^^^  >  0*  • 

j-0  n=0  np=0  *■  *• 


(jAnAm) 

•  •  , 


g 

35;  (m^  +  m)  tl  -  (1  -  P“) 

m=l  ” 


+  I  [1  -  (1  -  P”)^^] 

m“0 


<90  CO  00 


=  I  I  I  I(bJ°^  >  0,  B^^^  >  0 . 

j=0  n=0  m-O 


BaAnAm)  ^ 


-  ”  +  t4-  +  I  1(2  -  P^)m  +  1][1 


(1-Pj,)^  ^'®N  ^“®N  m-1 


-  (1  -  P 


+  2B^  I  m2  p;;(l  - 
m=l 


BP  «> 
(IN 


B.-l 


1  -  P 


N  m-2 


I  m(l  -  P®"^)  [1  -  (1  -  P“)  ] 


222 


j  An  Am 


oo  CD  oo 


■  j-'o  Jo  io  ^  »•  - . 


B<"''J''">  >  0)|B,1 


--■  2^  I  II  -  (1  -  P")  ') 

(1  -  Pjij)  m“l  ^ 


* ».  "'<1  -  "e’’;;)  pjd  -  p?”''' 


2B, 


1  -  P 


“  B  -1 

I  -  ^ 


N  m=l 


r 


(1  -  p,)‘ 


(A. 28) 


00  00  oo 


3-1  I  I  I(B,«»  >  0.  B<»  .  0  . 

j-0  n-0  m-0  ^  ^  O-  «■ 


B<J >  0)|B^) 


— ~^~3  "P  ‘P|.  +  P«) 

(1  -  P„)^  ^  N  N 


+  3(1  +  P^)  B^(B^  .  1)  +  B  (B  -  1)  (B^  -  2)]  (A. 


.29) 


m«x  ( j ,  n,  m) . 
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-  [B^  +  -iB^^Ck^-l)  +  SB^Ck,  -  2kj  +  1) 


+  k,,  -  Jk.  +  3k  -  1]  [6  -  6(1  -  \\^  ^ 
-5^1  N 


-Bp  -3B 

+  (1  -  ly  M  •  (1  -  Pj^) 


-  3lB‘(k^-l)  +  2P^(k2  -  2kj  +  1) 


B,  -2B 

C  .  , .  ..V  C 


f  k^  -  3k2  +  3k^  -  U12  -  (1  -  Pj^.)  M(1  -  Pj^>  ^ 


+  3IB  (k,  -  2k,  +  1)  +  k,,  -  3k.,  +  3k,  -  1] 


(1  -  P^)  "  -  (k.^  -  3k2  +  3k^  -  1) 


(A.  3.S' 


i»e)  =-nV+  I  [1 

N  m-1 


(1  -  p;')^'' 


(A.3M 


|b  )  =  -L-A..  N  +  (k  -  2k  +  1)  V  (2m-n(l  -  (I-p"!^  ! 

”  "  (1  -  Pj^)*-  ^  m=l  ^ 

B  ‘V  R  _1 

+  2(k^-l)  I  [1  _  '  i  +  y  P'"(l-Pjj)  1  (A.  37) 

N  m= 1  m= 1 


E(Si(i)ga)g(l)|g^j  _  ^3  ^  3(kj-l)i*.2  +  3(k2  -  2k^  + 


+  (k3  -  3k2  +  3k3  -  1)^^ 


(A.  38) 


where 


*0  ■  Jj  Jj  >■<»,"”  *  "•  “J”  >  0 . >  0|B,) 

-  3  I  (m^-m>  n  -  (1  -  p")  ')  +  J  II  -  (1  .  p»)  ')  (A. 39) 

m-1  n,.l  N 


OD  OO  CD 


^  -  I  I  I  >  0,  >0.  .... 


j=0  n=l  m=l 


>  0)|B,) 


<7^  *  1 

I  [1  -  (1 

N  in=2  ” 


+  1  -"p  -  I  1(2  -  P„)e  -  1][1  -  (1  -  p™) 

N  in=l  ” 


(A. 40) 
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OO  00  00 


-  I  I  I  >  0.  B^^^  >  0 . 


2  '-n  'n  "« 

j=l  n-0  m«0 


B, <"*!*">  .  0)|B,) 


B  (B  +  P  )  “>  B 

- 1-  I  [1  -  (1  -  Pj) 

(1  -  P^)"  m-1 

*  \  \  -  »<  '■;) 
m-l 


.  7-  pin, 

+  — p-  I  "  fNd  -  V 

N  m=l 


(A.41) 


OO  OO  00 


1^3  =  [  I  I  I(Bj[°^  >  0,  bJ^'’  >  0 . 

j=0  n“0  m“0 


,(1) 


(1  -  P,) 


i— ,  IB, (1  +«>>„*  'n'  B,(B,  -  1) 


^  Bj(Bj  -  »(B,  -  2)1 


(A. 42) 


A. 4  Positive  Acknowledgment  with  Time-Out  Periods 

Positive  acknowledgment  with  time-out  requires  a  PACK  be  returned 
to  the  source  station  within  a  predetermined  time  interval  following 
data  transmission.  If  a  PACK  is  not  returned  within  this  time-out 
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interval,  a  NACK  Is  understood.  In  actual  system  impleracMitatlons , 
time-out  mechanisms  are  also  used  with  positive-negative  acknowledg¬ 
ment  schemes.  Time-out  thresholds  are  required  to  recover  from  lost 
acknowledgments . 

In  Chapter  11,  ideal  acknowledgment  mechanisms  are  assumed;  I’ACKs 
and  NACKs  are  never  misinterpreted.  A  method  for  extending  these 
results  to  Include  the  possibility  of  exceeding  the  time-out  threshold 
la  outlined  in  this  appendix.  The  results  of  Theorem  2.1  are  appli¬ 
cable  with  appropriate  modifications  to  the  completion  time.  In 
particular,  the  completion  times  for  the  SW  ARQ  -  PI’  ACK  and  the  Block 
ARQ  -  PP  ACK  schemes  are  developed  and  maximum  throughput  results 
are  discussed. 

The  time-out  threshold  is  <lenoted  by  K.^,.  The  acknowledgment 

delay  of  the  l-th  packet  of  the  )l-th  message  is  denoted  by  ^  aiui 

{K^|,  f  >  1,  ,1  ^1)  is  assumed  to  be  an  l.i.d.  sequence.  Thus,  if 

the  acknowledgment  delay  K  .  exceeds  K  ,  a  NA('K  Is  assumed.  To  simplify 

“  J  1 

analysis,  a  late  arriving  PACK  is  disregarded;  delay  and  tliroughpnt 
performance  calculated  under  this  assumption  serve  as  bounds  to  systems 
which  accept  the  late  PACK  and  halt  the  retransmission  -  acknowledgment 
sequence.  Hence,  a  network  of  stations  with  random  response  times  is 
modeled.  The  stations  have  Incomplete  acknowledgment  delay  informa¬ 
tion  which  necessitates  the  use  of  a  single  constant  time-out  threshold 
for  all  source-destination  station  pairs. 


Tlte  completion  times  using  positive  acknowledgment  with  time-out 
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for  SW  ARQ-IM>  ACK 


(A.  A  O 


.(1) 


I  ((R 


1*1 


DK^  +  1] 


for  HKuk  ARQ-1’1>  ACK 


(A.AA) 


where  R  Is  the  number  of  transmissions  required  by  the  j-t(»  packet 
of  the  f-th  message  and  If*  the  acknowledgment  delay  for  the  I’Al^K 

which  arrives  within  the  time-out  period.  A  packet  is  retransmitted 
If  (1)  random  transmission  errors  are  detected  or  (2)  random  trans¬ 
mission  errors  are  not  detected  but  the  time-out  threshold  Is  exceeded. 
Thus  the  variables  ^R.,)  form  an  Independent  sequence  of  geometric 
distributed  random  variables,  {P(R^j  “  m)  ^  (1  -  p)p”'  m  “  1,  2,  ...) 
where 


I  -  (1  -  ?^)  P(K^j  <  K^) 


(A. AS) 


The  sequence  of  last  acknowledgment  delays  )  is  governed  by  the 

following  distribution: 


(L)  P(K  ini) 

i"'-p5;7TK,) 


(A. Ab) 


m  =  1 ,  2 ,  ....  K^, . 

The  first  3  moments  of  the  completion  time  necessary  for  the 
mean  .ind  variance  of  the  message  delay  at  steady  state  can  be  calcu¬ 
lated  In  a  straightforward  manner.  In  particular,  the  ffrsl  raomi'iits 
are 
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(A. 47) 


Si  =■  (K^p  +  (1  -  p)  E(kJ^^)]  for  SW  ARQ-PP  ACK 


1  1  -  p  ‘  T' 


--  lK_p  +  1  -  p] 


for  Block  ARQ-PP  ACK 


and  the  maximum  throughputs  become 

^  _ L_-_el 


maximum 

throughput 


K^P  +  (1-p) 


■ 


-I— --E- 


Ki.p  +  1  -  p 


for  SW  ARQ  -  PP  ACK 


for  Block  ARQ  -  PP  ACK 


Example  A. 4. 1 

If  the  acknowledgment  delay  is  governed  by  a  geometric  dis¬ 
tribution  (P(K  -  m)  •=  a"'  ^(1-a),  m  =  1,  2,  ...},  then 
J 


ntir<*->  -  -  “""’(I  -  •) 


for  m  =  1,  2,  .  . .  ,  K^.  and 


K(kO^))  „  .  hi  _ 

^  1  -  a  K_ 

1  -  a 


The  probability  of  packet  retransmission  is 
p  -  1  -  (1  -  P,^)  (1  -  a  ') 


(A. 48) 


(A. 49) 


(A. 50) 


(A. 51) 


(A. 52) 


(A.  5  3) 
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Using  (A. 49)  and  (A. 50),  the  maximum  throughputs  as  a  function  of 
are 


maximum  throughput 
as  a  function  of 


h; 

/  (l-Pjj)(l-a  *)(l-a) 

K^,(l-a)Pjj  +  (l-Pj^)(l-a  *) 

for  SW  ARQ  -  PP  ACK 

K 

(1  -  Pjj)  (1  -  a  ’^) 

kT 

S*’’  ^  +  11(1  -  a  ^) 


(A. 54) 


(A. 55) 


for  Block  ARQ  -  PP  ACK 


For  the  SW  ARQ  -  PP  ACK  scheme  the  maximum  throughput  is  imixlmum 
with  -  1: 

maxlmiun  throughput  "  (1  -  I’jjKl  ~  >>)  (A. 5b) 

Under  SW  ARQ,  packet  transmissions  are  halted  until  the  current  trans¬ 
mission  is  positively  acknowledged  or  the  time-out  period  elapses. 

Since  the  probability  of  a  PACK  reception  in  each  s\iccessive  frame 
(given  no  transmission  errors  are  detected)  is  equal  to  1-a,  the 
optimal  strategy  is  to  wait  the  minimum  time-out  period  (K.^,  »  1)  and 
retransmit. 

For  the  Block  ARQ  -  PP  ACK  scheme  the  value  of  which  maximizes 
the  maximum  throughptit  satisfies  the  following  relationship: 


K 

a  T-d  - 


K.,. 

a  ^)  + 


‘’n<' 


T  K.,. 
T.2  ^  T 
a  )  +  a 


in  (a 


(A. 57) 
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with  K  an  integer,  K  ^  1.  Solutions  to  (A. 57)  are  presented  in 

Table  A.  1  In  terms  of  a  .  Solutions  for  P,,  >  0.5  do  not  exist  under 

K 

the  requirement  K^^l  (i.e.,  a  <  1).  Hence,  for  >  0.5,  “  1 

provides  the  maximum  throughput  for  0  5.  ®  ^  1*  Time-out  threshold 

values  which  maximize  the  maximum  throughput  are  presented  in  Table  A. 2 

for  a  “  0.5,  0,8.  Since  packet  transmissions  are  continuous  under 

Block  ARQ,  long  thresholds  are  desirable  with  small  P^^.  However,  as 

P,,  increases,  shorter  thresholds  which  anticipate  negative  acknowledg- 
N 

ments  become  optimal. 

Maximum  throughput  versus  packet  noise  error  probability  curves 

are  shown  in  Figure  A. 1  for  a  *  0.5,  0.8.  The  Block  ARQ  -  PP  ACK 

scheme  exhibits  larger  maximum  throughputs  than  the  SW  ARQ  -  PP  ACK 

scheme  for  small  P,, .  The  maximum  throughput  of  the  Block  ARQ  -  PP  ACK 
N 

scheme  decreases  rapidly  as  P^^  Increases.  When  the  optimum  threshold 
is  1,  the  maximum  throughputs  of  the  SW  and  Block  ARQ  schemes  are 
identical. 

Example  A. 4. 2 

Consider  the  sequence  of  acknowledgment  delays  governed  by  a 

uniform  distribution,  {P(K,,  ®m)  m”  1,  2,  Nl.  The  dis- 

£,j  N 

trlbution  of  the  last  acknowledgment  delay  is 

-  m)  -  ^  (A.  58) 
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‘’n 

s- 

a 

0.0 

0.0 

10-^ 

6.4266  X  10  ^ 

-5 

-7 

10 

7.6428  X  10 

10-^ 

9.4629  X  10"^ 

„-3 

,  -4 

10 

1.2519  X  10 

-2 

-3 

10  ^ 

1.8891  X  10  ^ 

-2 

0.05 

1.5125  X  10 

-2 

0.1 

4.1222  X  10 

-2 

0.15 

7.8456  X  10  ^ 

0.2 

0.12885 

0.25 

0.19548 

0.  3 

0.28263 

0.  35 

0. 39627 

0.4 

0.544781 

0.45 

0.74015 

0.5 

0.99998 

TABl.K  A.l:  SOLUTIONS  TO  (A. 5 7),  NORMALIZED  TIME-Oirr  THRESHOLDS 
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— 

^N 

a  “ 

0.5 

a  ■ 

=  0.8 

T 

Maximum 

Throughput 

S 

Maximum 

Throughput 

0.0 

00 

1.0 

00 

1.0 

0.05 

6 

0.7062 

19 

0.4362 

0.1 

5 

0.5764 

14 

0.3057 

0.15 

4 

0.4952 

11 

0.2405 

0.2 

3 

0.4375 

9 

0.2002 

0.25 

2 

0.3913 

7 

0.1721 

0.  3 

2 

0.3559 

6 

0.1511 

0.  35 

1 

0.3250 

4 

0.1347 

0.4 

1 

0.3 

3 

0.1213 

0.45 

1 

0.275 

1 

0.11 

0.5 

1 

0.25 

1 

0.1 

TABLE  A. 2:  OPTIMUM  TIME-OUT  THRESHOLDS  FOR  THE  BLOCK 
ARQ  -  PP  ACK  SCHEME  UNDER  GEOMETRIC 
DISTRIBUTED  ACKNOWLEDGMENT  DELAYS 
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MAXIMUM  THROUGHPUT 


PACKET  NOISE  ERROR  PROBABILITY  P^^ 


Figur*  A.1.  Miximum  Thraughput  vwrtiM  PMk«t  NoIn  Error  ProbaWNty  Curvat  for  a  TOMA  Chanttal 
Using  SVV  ARQ-PP  ACK  and  Blook  ARO-PP  ACK,  PoaMva  Aokrtowladgmant  with 
Tinw-Out,  with  Gaonwtric  Diavibutad  Aeknowladgnwnt  Dalayi 
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for  m  -  1 ,  2 ,  . . . ,  and 


(L)  ‘^T  ^ 


The  probability  of  packet  retransmission  is 


P 


1  - 


(1  -  p„) 


S 

N 


The  maximum  throughputs  as  a  function  of 


are 


maximum  throughput 
as  a  function  of 


2(1  -  P,) 


2N  -  K^d  -  P^)  +  1  -  P^ 

for  SW  ARQ  - 


1  -  P. 


N  -  K,(l  -  P^)  +  1  -  P^ 


for  Block  ARQ 


The  value  of  which  maximizes  the  maximum  throughput  for 
schemes  is  K_  =  N; 


(A.59) 

(A. 60) 


(A. 61) 

PP  ACK 

(A. 62) 
-  PP  ACK 

both 
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A  '“'V 


maxlmun 

throughput 


»(i  +  p„)  +  I  - 


for  SW  ARQ  -  PP  ACK 


(A. 63) 


1  -  P. 


' (N-1)P„  +  1 


for  Block  ARQ  -  PP  ACK 


(A. 64) 


With  acknowledgment  delays  which  are  uniformly  distributed  over 
N  frames,  (given  that  no  transmission  errors  are  detected)  the 
probability  of  PACK  reception  in  each  successive  frame  increases  to 
1  as  shown  by  the  following  conditional  probabilities: 


-rA+T 

for  m  »  1,  2,  N.  Thus  the  optimal  strategy  is  to  wait  the 

maximum  time-out  period  K^  N  before  assuming  a  negative  acknowledg¬ 
ment  . 

Maximum  throughput  versus  packet  noise  error  probability  curves 
are  shown  in  Figure  A. 2  for  N  ■  3,  9.  Since  the  time-out  thresholds 
are  set  to  N  (optimum  value),  the  Block  ARQ  scheme  provides  larger 
maximum  throughputs  for  all  P^j  <  1  (unlike  the  geometric  distributed 
acknowledgment  delay  example). 
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APPENDIX  B 


B.l  Steady  State  Distribution  of  U  „ 
_  nK 


The  steady  state  distribution  of  U  is  derived  by  following 

nK 

the  development  used  by  Konheim  [47].  Let 


Qn  n 
u,n 


Efz  I(U 


nl 


"r  "n2 


'2' 


nK 


and 


Q*(z)  =  lim  Q*  ^(z)  ,  |z|  <  1 

—  n-»«>  — ’ 

where  u  =  (Uj^,  U2 . equilibrium,  the  generating 

functions  {Q*(z),  u  e  d.}  satisfy  the  following  forward  equations, 


Proposition  B.l 


N*(z)  [Q*  (0)  +  (1-0  Q*  (0)] 

Ho  “Ho 


if  =  0 


Q*(z) 


[Q*  (z)  -  Q,*  (0)  ] 

^  Ho  Ho 

+  (1-P„)  [Q*  (z) 

N  Z 


+  N*(z)  Q*  (z) 


-  Q*  (0)] 


if  “  1  (®-3) 


where 


Proof 


^  »  (u2,  u^,  ....  Uj^,  0) 

“  (u2,  . Uj^,  1). 


\  ■  <"„!•  "„2 . “„K> 


O^o.u, . “2 . V» 

=  E{E{z  "  I(^  -  (0.«2”  •  • 

N 

»  E{z  "  "  (U2,U2, . . .  ,vj^,l))  )  (1  -  Pj,) 

N 

+  E{z  "  I(Un_l  “  (u2*'‘3'*  • 


-  N*(z)I(l-Pjj)  P(Ujj_i  -  (U2.U3 . 

-*■  P(Un^i  -  (U2,'i3 . Uj^.O))] 


(B.A) 
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’V*" 


qT 

(z)  -  E{z^  I(U^  -  (l,U2,...,Uj^))} 

-  E(E(z'^"  I(U^  -  a..2 . V>IVl.K* 

q"  ,-1+n 

-  E{2  ^nl  “  ^ 


+  (1-P^)  E{z 


Q  ,  -1+N 
n-1  n 


I  ^ . . 2_  "  (^2  *  •  *  * '  *  *^’ ^ ^* 


U  ,  -  1)} 
nl 

Q~  1+N 

+  Pjj  E{z  "  I(U^_i  -  (u2.U3,...,u^,l))} 


. -'“'Vl"')’ 


J21U3,  .  .  .  ,Uj^, 

+  Cl-P  ^  fn* 

'■  z  ^^(U2,U3,.  . .  ,Uj^,l)  ,n-l 


(z) 


-  P(q'  -  0)] 
n— i 


+  P„  N*(z) 


N  ^ U2  •  •  f 1 )  f ^ “ ■ 


(z) 


(B.5) 


The  desired  results  follow  by  taking  the  limits  as  n  ->•  “>  in  (B.4)  and 
(B.5)  Q.E.D. 


Let 


z) 


{u 


I  Q*(z)  z 


U1+U2+. . .+u^ 


■i}  ^ 


1  =  0,  1 


(B.6) 
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+  N*(z)  I 

{ (u^  tU^ ,  • , .  } 


l+U2+...+Uj^_j 


+  (1-P„  +  P, 


. 


N*(2)  I 

{  (u^  ,U3 , . . .  ,  Uj^_j  ,0)  } 


l+U2+...+u^_^ 


■  %-“3 . ^%.U3 . 


+  N*(z)  J 

{  (u2 ,113, . . .  .  1)  } 


l+U2+...+u^_j 


■  %-“3 . ^  ^  ^  . ^,l)<^>' 


N*(z) 


l+u„+. . . 


2+...+u^ 


L, 

>  (1^2 »  U3,  •  .  .  «Uj^)  } 


. 


+  (1-P..  +  P 


n"’’n^%.U3 . 


N*(z)  J 

{  (113,11^  t  •  •  •  t Uj^)  } 


I+U3+.  .  .-Hi^ 


^^?0.u3,u^ . 


+  (1-P„  +  P 


^>^?0.u3.u, . 
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+  N*(z) 


I 

((u3,u^,. .  .  ,Uj^)  } 


zz 


1+U^+.  . 


. v<»''’ ^  'x  . 


=  N*(z) 


I 


l+U3+...+u^ 


Uus.u^,. . .  ,u^)} 


^^('0,u3,...,uj^,0)^''^ 


+  z 


‘’h.Uj . +X*(') 


1 


I+U3+. . 

{(“3,0^ . Uj^)}  *^?0,U3,.  .  .  ,Uj^,l)  ^  ^ 


. 


z  N*(z)  U;^i)(z)  +  N*(z)  (1  -  Pj^  +  z)  U;^3j(z) 


(B.IO) 

Q.E.D. 


Equation  (B.7)  yields 


U^3)(l) 

U^,)(l)"— n7r^-  (B.ll) 

The  normalization  (D  +  ^  together  with  (B.ll)  determines 

the  limiting  distribution  of  U  : 


2A5 


P(U„K  “ 


“1 

1  -  P, 


1  -  P. 


if  j  -  1 


if  j  =  0 


(B.12) 


B.2  Derivations  of  W-„  and  W,„ 
_ yc _ UK 

Equation  (3.17)  yields 


^^^n  >  0)}  «  (1-Pj^)  ECQ;;)  +  Pjj  E{q;;  =  O)}  (B.13) 


Solving  (3.4)  recursively  with  Ij  -  Ke^,  q"  >  0) ,  the  transmit  queue 
size  becomes 


In  ■  +  "n-l  ^  Vk.1  -  "„-l  *  I„-2  *  •  • '  'n-K+l' 


^n-K  ■  ^n-K 


(B.14) 


Multiplying  (B.14)  by  I(U  -  0) , 

nK 
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“V  -  <»>  ■  Itoj  -  0) 

■  '„-2  ■"•••+  l(V  -  0)) 


*  '"Vk  -  Vk’  '<"„k  -  o*) 


(B,15) 


^nK  “  ^  implies  that  Q~_^  -  0  and,  therefore. 


"■'l  ^<V  ■  »)  -  «IVl  "  '„-2  *  •••  - 


"l  ■  »> 


If  K  >  1 


if  K  =  1  (B.16) 


It  immediately  follows  that 


=  0)^  iKn^  P(U„K  = 


(B.17) 


for  K  ^  1.  In  addition. 


^^^1  "  0>>  "  P(e^.  q"  >  0,  -  0) 


1P(Q-  >  0|U  -  0)  P(U^  -  0) 


(B.18) 


247 


and  using  (B.14} 


^  °l”nK  "  *^1-1  +  •••  +  Vk+1  ^ 

for  1  ■  n-1,  n-2,  ...,  n-K+1  and  K  >  1.  Substituting  (B.18)  and  (B.19) 
into  (B.16), 

E{Q“  -  0)}  >  (Kn^  -  W^)  P(U^j^  -  0)  (B.20) 

where 

K-1 

I  P(N  +  N  +  ...  +  N.  >0) 

1-1  ^  1 

0 

Thus,  substituting  the  Inequalities  (B.17)  and  (B.20)  into  (B.13) 
yields  the  relationships  necessary  to  evaluate  (3.16).  Bounds  on  the 
average  steady  state  queue  size  result,  and  the  desired  bounds  (W  , 

liK 

Wj^)  on  the  average  waiting  time  E(W)  at  steady  state  follow  from 
(3.14)  and  (3.15). 


if  K  >  1 


if  K-1 
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APPENDIX  C 


C. 1  Proof  of  Proposition  4.1 

The  state  sequences  are  irreducible  and  aperiodic  on  their 
respective  reduced  state  spaces  by  construction.  Since  depends 

on  only  through  X^,  Z  is  positive  recurrent  if  and  only  if  X  is 
positive  recurrent. 

Construct  the  following  sets: 

C  =  {i  =  (i  ,1  ):  1  +1  <  N_,  1  f  d~,  i  c  d] 

o  —  sr  srTsKr 

c,  -  (1-  (I,.!,):  1,  *  ♦  .-1,  .(j, 

H  =  1,  2,  ...  .  The  reduced  state  space  of  X  is  denoted  by  and 

oo 

C  .  New  message  arrivals  within  the  (n+l)-st  frame  are 

^  e-0 

admitted  by  the  network  control  procedure  if  X  -  i  c  C  ;  if  X  -  i 

C  ,  new  message  arrivals  are  rejected, 
o 

Suppose  X  is  transient  and  X^  ■  ^  e  C^.  Since  the  number  of 

elements  in  (denoted  by  jc^l)  is  finite,  there  exists  an  ra  >  n 

such  that  X  »  J  ^  C  .  But  the  number  of  states  in 
m  o 

C  il  {k:  k  +k  <J  +J)l8  finite;  and,  therefore,  there  exists 

““  st*““  S  ir  *  * 

an  «  >  m  such  that  X  -  k  e  C  .  Thus  X  visits  C  infinitely  often, 

i  —  o  o 

a  contradiction.  Hence,  X  is  a  recurrent  Markov  chain. 


Let  m  denote  the  mean  recurrence  time  of  state  ^  e  C  .  To  prove 

X  A 

that  X  Is  positive  recurrent.  It  Is  sufficient  to  show  that  m^  Is 

finite  for  at  least  one  state  1  e  C  . 

—  o 

Consider  the  scalar  Markov  chain  y  -  {y  ,  n  >  1}  over  the  state 

n  — 

space  d  with  transition  probabilities 


P  (O.il)  -  max  {  I  PyU.i)} 

^  leC  JeC„  ^ 

—  o  **-  1 


If  H  >  0  (C.l) 


Py(0,0) 


1  -  I 


(C.2) 


P  (£,£-!)  -  min  {  ^  I  >  0^ 


If  i  >  1  (C.3) 


Py(ji,ji)  -  1  -  p^(je.,a-i)  If  ^  1.  (C.4) 

The  sequence  y  Is  Irreducible  and  recurrent  with  state  transition 
diagram  Illustrated  In  Figure  C.l. 

By  construction, 

m,  <  Ic  I  m  (C.5) 

1  o  o 

for  at  least  one  state  1  e  C  where  m  denotes  the  mean  recurrence 

—  o  o 
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time  of  the  state  0  for  the  Markov  chain  y.  The  mean  recurrence  time 
can  be  expressed  by 

00 

m  -  1  +  y  P  (0,1)  m„  (C.6) 

where  is  the  mean  first  passage  time  from  1  to  0  for  the  Markov 
chain  y.  For  1  >  0 


1 

”lo  .  ^,k-l 

k“l 


(C.7) 


where 

^.k-l  "  Py(k!k-1)  • 

Thus  m^  is  upper  bounded  by  upper  bounding  Py(0,l),  1  =  1,  2,  ... 
and  lower  bounding  Py(k,k-1),  k  ■  1,  2,  ... 

Using  (C.l), 

1  I  I  Pvd.i)  .  (C.9) 

y  ieC  J_eC„ 

-o'*-  1 

1  >  0.  The  number  of  transmissions  in  the  (n+l)-st  period  is  equal 

to  the  number  of  collisions  plus  collision-free  information  and  PACK 

transmissions  (i.e.,  R  It  is  also  equal  to  the 

number  of  collision-free  information  packet  transmissions  plus  the 

number  of  collisions  in  the  n-th  period  plus  the  number  of  new  message 

arrivals  in  the  (n+l)-st  frame  (i.e.,  R  +  Therefore, 

n  n  nTi 
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(C.IO) 


n+1  n+1  n  n  n+1  n+1 


and 


I  -  I  Pis'”  -  J,.  -  J, 


i'C. 


-  i  ,  R  =  i  , 
n  s  n  r 


1  +  i  <  N^} 

s  r  T 


k-o  "  ^ 


(i  +  i  )  +  k 
8  r 


S<^>  -  i  . 
n  s 


R  -  i  ,  i  +1  <  N^,  -  k} 

n  r  s  r  T  n+1 


(C.ll) 


for  1  c  C  ,  I  >  0.  Substituting  (C.ll)  into  (C.9)  yields 


N^-1 
T  t 

1  I  y  -  N  -  1  +  i  -  t  +  k) 

y  t-O  k-O  ” 


<  0  e 
—  o 


■X  x"’ 
o  o 


(C.12) 


where  0  is  a  (positive)  finite  constant  and  X  =  X(K+P).  From  (C.3) 
o  o 
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Py(e.«-i) 


I  “  J  *  4.1  “  J  -  1, 

(.  .  x.p  n+1  s  n+1  r  n 


R  -  +  £  -  2} 

n  T 


>  -  0,  -  1.  R„  =  +  £  -  2} 


n  T 


1  N  +£-l 


,  N.,+  £-l 


(C.13) 


£  >  0. 


Using  (C.7),  (C.8)  and  (C.13), 


£  N  +k-l 

<  I  ^ 

Qn 


<  £  K 


N^+£-l 


(C.14) 


Substituting  (C.12)  and  (C.14)  into  (C.6)  yields 


a,  _X  \  N^-l+« 

m  <1+  I  6  e  °-r?-£K^ 

N  X  (ic-i) 

=  1  +  0  \  R  ^  e  ° 


(C.15) 


Q.E.D. 
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C.2  Proof  of  Theorem  4.6 

To  derive  the  upper  bound  on  throughput  given  by  (4.105) 
the  following  function: 


f(x)  =  x(l  -  a*"^) 

where  a  <  1  with  f^^\x)  -  f(x),  i  >  1. 

dx 


Leiana  C.  1 


f(x)  ^  f^  ^^*0^  ~  ^^*0^  ’  X  ^  0 

where 

x^  E  {x:  0  <  f^^\x)  <  1}. 

Proof 

The  first  3  derivatives  of  f(x)  are 

\x)  «  1  -  a*  ^  -  xa*~^  in  (a) 

\x)  »  a*  ^[2  +  X  in(a)]  )ln(a~^) 
f^^\x)  =  -a*"^[3  +  X  iln(a)]  [in(a)]^ 

The  function  f(x)  has  the  following  properties: 


consider 

(C.16) 


(C.17) 


(C.18) 

(C.19) 

(C.20) 
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>0  If  X  <  - 

in  (a  ) 

<1  if  X  <  - 

lln(a  ) 

•f^^^(x)  >0  if  X  >  Xj^  where  x^^  satisfies 

f  (Xj^)  -  0,  0  <  x^  <  1. 

•lim  f^^^x)  -  1. 
x-x» 

Thus  f(x)  can  be  described  as  follows: 

•f(0)  ■  0  and  f (x)  is  a  decreasing  function  of  x  if 
X  e  [0,  Xj^). 

•f(x)  is  an  increasing  function  of  x  with  strictly  increasing 

n )  2 

slope,  f''  ■'(x),  if  X,  ±x  ^ ^  . 

^  en(a“^) 

•f(x)  is  an  increasing  function  of  x  with  slope  decreasing 

to  1  if  X  ^  :  . 

in(a 

Therefore,  f(x)  can  be  lower  bounded  by  choosing  a  line  tangent  at 
x^  where  x  c  {x:  0  <  f^^^(x)  ^  1}  or,  equivalently,  x.  <  x  £  - . 

Q.E.D. 

Proof  (Theorem  4.6) 

From  (4.110) 
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(C.21) 


Substituting  (4.98)  into  (C,21)  and  rearranging  terms, 


s“>-i 

K„)  .  s«>ll  -  (1  -f)  "  1 


(C.22) 


and 


E(§^^^lN^)  -  E{§^^^[1  -  (1  -i)  "  ]|N^}, 


(C.23) 


Applying  Lemma  C.l  to  the  second  term  on  the  right  hand  side  of 


(C,23)  with  a  =  (1  -  — ) , 

s(i)_i 

Ejg(I)jl  _  ^  ^  ll»i  1  ^  fCl)/- 

K„ 


■]|N^}  i  f^^\x^)lE(sy)|N^)  -  xj  +  f(x^). 


(C.24) 


Substituting  (C.24)  into  (C.23)  yields 


E(S^^5iN  )  <  E(Sy^|N  )  (1  - 

n+ 1  n  —  n  '  n 


?(i) 


f(x^). 


(C.25) 


In  addition. 


N  -1 

E(S^^^  |N  )  -  N  (1  -  ~)  " 
n  '  n  n  Kt 


1 


(C.2h) 
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whore 


V  (R.)  -  e  ^  K^{(K.  -  1)  en[l  +  (K  -  1)  ^]] 

O  I  1-  A  1 


Since  )  <  1,  (C.25)  and  (C.26)  yield 


To  choose  an  x  which  minimizes  K(x  )  under  the  constraint 
o 


X  <  X  < 
1  O  — 


1 


iMa  -  -p)  ] 


(C.2H) 


consider 


F^^\x  )  -  ~  F(x  ) 
'  o  dx  o 
o 


f^^\x  )[x  -  V  (R,)] 

o  o  o  I 


(C.2^)) 


Under  (C.28).  K^^\x^)  Is  equal  to  0  with  x^^  -  V^^CR^)  it 

V  (R.)  <  V„(R  ).  Therefore, 
o  1  ~  2  M 


-  V  (R  ) 

n+1  —  o  I 


1  '' 

»  -  F>  ° 


(('.  iO) 


ft  V  (K  )  V  v„(K  ).  On  the  otherhand,  if  V  (R.)  ' 

<  0;  and,  hence,  l'(x^)  is  minimum  with  -  V^CR,^^  (l.e., 
tlie  larKt'st  value  of  x^  allowable  under  (0.28)).  Iheretoie, 
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APPENDIX  D 


GROUP  RANDOM  ACCESS  USING  FREQUENCY 
DIVISION  ACKNOWLEDGMENT  PROTOCOLS 


In  Chapter  V  the  operation  of  the  GRA  channel  Is  examined  under 
two  acknowledgment  schemes  which  schedule  PACK  transmissions  to  avoid 
collisions.  PACK  transmissions  and  information  packet  transmissions 
share  the  available  channel  capacity  (bandwidth)  on  a  time  division 
basis.  Each  channel  access  period  is  partitioned  into  two  distinct 
subperiods;  Information  packets  and  PACKs  are  transmitted  in  separate 
subperiods  utilizing  the  entire  channel  capacity  (C  bits  per  second). 

The  operation  of  the  GRA  channel  under  frequency  division  acknow¬ 
ledgment  schemes  is  examined  in  this  appendix.  The  available  channel 
capacity  is  divided  into  two  smaller  capacity  subchannels:  an  in¬ 
formation  subchannel  and  an  acknowledgment  subchannel.  Information 
packets  are  transmitted  over  the  information  subchannel  on  a  random 
access  basis  within  the  channel  access  periods.  PACK  transmissions 
over  the  acknowledgment  subchannel  are  scheduled  to  avoid  collision. 
Like  the  time  division  PDS  acknowledgment  scheme  in  which  the  subperiod 
slot  allocations  are  fixed,  the  subchannel  capacity  assignments  under 
the  frequency  division  acknowledgment  schemes  considered  in  this  ap¬ 
pendix  are  fixed  (not  adaptive). 

Two  frequency  division  acknowledgment  schemes  are  considered: 
•Frequency  Division  Asynchronous  (FDA) 

•Frequency  Division  Synchronous  (FDS) . 
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Under  the  FDA  scheme,  the  destination  stations  transmit  PACKs  over 
the  acknowledgment  subchannel  immediately  following  the  collision-free 
reception  of  Information  packets.  Under  the  FDS  scheme,  the  information 
and  acknowledgment  subchannels  are  structured  so  that  the  start  of 
their  channel  access  periods  are  coincident  in  time.  Hence,  PACK 
transmissions  are  not  necessarily  made  Immediately  following  the  col¬ 
lision-free  reception  of  an  Information  packet;  in  general,  they 
must  wait  for  a  channel  access  period. 

D.  1  System  Description 

Under  the  frequency  division  acknowledgment  schemes,  the  avail¬ 
able  channel  bandwidth  is  divided  into  two  subchannels:  an  informa¬ 
tion  subchannel  and  an  acknowledgment  subchannel.  It  is  assumed  that 
the  transmission  rate  per  unit  bandwidth  is  the  same  whether  single 
channel  or  two  channel  operation  is  considered;  therefore,  the  in¬ 
formation  and  acknowledgment  subchannels  have  capacities  and 
C  ,  respectively,  such  that 

A 

C  ■  C,.  +  C,  bits/second.  (D.l) 

I  A 

The  information  subchannel  is  divided  into  slots  of  duration 

Tj  ■  b/Cj  seconds  and  the  acknowledgment  subchannel  is  divided  into 

slots  of  duration  t.  ••  b/nC.  seconds  where  b  denotes  the  Information 
A  A 

packet  size  in  bits  and  n  is  the  ratio  of  the  information  packet  size 
to  PACK  size.  Let  C  denote  the  ratio  of  transmission  times 
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To  minimize  the  number  of  Information  packet  collisions  per  channel 
access  period,  the  number  of  slots  In  the  information  period  should 
be  maximized  under  the  restriction  C  ^  1.  The  maximum  number  Is  given 
by 
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If 


(n.5) 


Kn 


1  +  n 


c  <  c  <  1 

o  —  — 


where  denotes  the  Integer  part  of  x  and 


'■•o  “ 


(ic  -  ic)n 


(D.6) 


The  fractional  slot  given  by 


Kt  -  Kt, 


A  T, 


Kcn 

1  +  Cn 


-  K 


(D.7) 


cannot  be  used  for  Information  packet  transmissions.  It  Is  (arbitrar¬ 
ily)  placed  at  the  end  of  each  channel  access  period. 

The  GRA  channel  structures  under  the  FDA  and  FDS  acknowledgment 
schemes  are  Illustrated  In  Figures  D.l  and  D.2,  respectively.  Under 
the  FDA  scheme,  the  (n+l)-st  acknowledgment  period  begins  (R+1)t^ 
seconds  following  the  start  of  the  n-th  Information  period,  since 
PACKS  are  transmitted  Immediately  following  collision-free  Information 
packet  receptions.  Under  the  FDS  scheme,  the  start  of  the  Information 
and  acknowledgment  periods  coincides. 
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] 

i 

I 

Protocol;  GRA  Discipline  -  FDA  and  FDS  ACK  Scheme 

(1)  New  message  arrivals  which  are  admitted  by  the  network 
control  procedure  are 

1)  transmitted  immediately  over  the  Information  subchannel, 
if  they  arrive  during  a  channel  access  period  allocated 
to  information  packet  transmissions 
il)  transmitted  over  the  information  subchannel  in  the  next 
information  period  in  a  slot  determined  by  a  uniform 
distribution  over  the  K  available  service  slots,  if  they 
arrive  in  the  Interval  between  information  periods. 

Messages  which  are  not  admitted  by  the  network  control 
procedure  are  rejected. 

(2)  Each  information  packet  colliding  within  the  n-th  period  is 
retransmitted  over  the  information  subchannel  within  the 
(n+l)-st  period  in  a  slot  determined  by  a  uniform  distri¬ 
bution  over  the  K  available  service  slots. 

(3)  For  a  collision-free  information  packet  transmission  in 
the  1-th  slot  within  the  n-th  Information  period,  a  PACK 
is  transmitted  over  the  acknowledgment  subchannel  in  the 
1-th  slot  within  the  (n+l)-8t  acknowledgment  period. 

(A)  Each  information  packet  admitted  by  the  network  control 
procedure  is  transmitted  and  retransmitted  until  success- 


D.2  Throughput  and  Delay  Analysis 

Under  the  PDS  time  division  acknowledgment  scheme,  the  number 
of  slots  (Kj)  In  each  period  allocated  to  information  packet  trans¬ 
missions  is  determined  by  (5.2);  under  the  frequency  division  acknow¬ 
ledgment  schemes,  the  number  of  slots  (K)  in  each  period  allocated 
to  information  packet  transmissions  is  determined  by  (D.5).  By 
comparing  (5.2)  with  (D.5),  Kj  ■  Ic.  Although  the  slot  durations 
(Tj,  t)  are  different  under  the  frequency  division  and  time  division 
acknowledgment  schemes,  the  operating  statistics  for  these  three 
schemes  are  identical,  since  the  same  group  of  network  stations 
considered  in  Chapters  IV  and  V  with  overall  message  arrival  stream 
described  by  a  Poisson  point  process  is  considered.  Hence,  the 
evolution  of  the  GRA  channel  under  the  FDA  and  FDS  acknowledgment 
schemes  is  described  by  a  Markov  state  sequence  Z  whose  structure  is 
identical  to  the  structure  of  the  state  sequence  developed  in 
Section  5.2.1  for  the  GRA  channel  under  the  PDS  scheme.  Therefore, 
the  throughput  of  the  GRA  channel  under  the  frequency  division  schemes 
is  equal  to  the  throughput  under  the  PDS  scheme  (throughput  measured 
in  packets  per  frame). 

Although  the  statistical  behavior  of  the  GRA  channel  under  the 
FDA,  FDS  and  PDS  schemes  is  equivalent,  the  limiting  average  packet 
delay  expressions  are  different.  The  channel  structures  illustrated 
in  Figures  D.l,  D.2,  and  5.1  are  dissimilar.  The  data  transfer  delay 
for  the  GRA  channel  under  the  frequency  division  acknowledgment 
schemes  is  given  by  the  following  lemma. 
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Lemma  D.l 


With  the  operation  of  a  controlled  GRA  channel  under  the  FDA  and 
FDS  acknowledgment  schemes  described  by  an  Irreducible,  positive 
recurrent  Markov  state  sequence  Z,  the  limiting  average  packet  delay 
(measured  In  slots  of  duration  t  seconds)  Is  given  by 


(K  +  2)(1  +  Cn)  +  1 

■  I  - 


E(R  ) 

(ic+p)  - ^  +  R 

E(S'' 


(D.8) 


where  the  expectations  are  w.r.t.  the  stationary  distribution. 


Proof 

Under  the  FDA  and  FDS  acknowledgment  schemes,  PACK  transmissions 
are  scheduled  to  avoid  collision.  Hence,  the  operation  of  the  Informa¬ 
tion  subchannel  Is  Identical  to  the  basic  GRA  channel  described  in 
Section  4.1.2.  Therefore,  the  limiting  average  packet  delay  E(Dj^) 
measured  In  slots  of  duration  seconds  is  given  by  (4.3)  with  the 
GRA  structure  parameters  (K,  P,  R)  replaced  with  (R,  R) : 


P  +  K. 


E(Dr) 


+  (P 


K) 


E(S^^^ 


+  R  +  1 


(D.9) 


Conversion  to  slots  of  duration  t  seconds  is  accomplished  by 
multiplying  the  right  hand  side  of  (D.9)  by 


li  .  1 
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and  adding  1/2^71.  Although  new  message  arrivals  at  the  source 
stations  are  recorded  only  at  the  start  of  slots,  for  a  Poisson 
arrival  stream,  message  arrivals  within  a  slot  escperience  an  average 
y  slot  delay.  But  the  slot  durations  under  the  time  and  frequency 
division  acknowledgment  schemes  differ  by  -  t  seconds.  Hence, 


T 


I 


T 


2t 


1 

2cn 


(D.IO) 


must  be  added. 

Q.E.D. 

Expressions  for  the  average  holding  times  in  the  source  station's 
buffer  are  stated  in  the  following  theorem. 


Theorem  D. 1 

With  the  operation  of  a  controlled  GRA  channel  under  the  frequency 
division  acknowledgment  schemes  described  by  an  irreducible,  positive 
recurrent  Markov  state  sequence  Z,  the  limiting  average  packet  delays 
(measured  in  slots  of  duration  i  seconds)  are  given  by 


(K.  +  2)(1  +  cn)  +  1 

■  f  *  - 5^^ - * 


n 


+  2R  + 

n 


(D.ll) 


under  the  FDA  scheme  and 
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+  (K+P) 


-  3K.(1  +  Cn)  +  1 

'"s’  — 


!iy_  ^  ^  ^  K(i  +  si 


E(S^^^) 

n 


(I  -  R  )(1  +  C)(1  *  tn) 

+ - 2^;; -  (»-i2) 


under  the  FDS  scheme  where  the  expectations  are  w.r.t.  the  stationary 
distribution. 


Proof 

Under  the  FDA  scheme,  a  PACK  is  trasnmitted  immediately  following 
a  collision-free  information  packet  reception.  Therefore, 


E(I>,)  +  —  +  R 

K  T 


(D.13) 


and  (D.ll)  follows  by  substituting  (D.8)  into  (D.13)  with 

T  “  n 


Under  the  FDS  scheme,  the  limiting  average  packet  delay  E(Dp), 
measured  in  slots  of  duration  seconds,  can  be  expressed  as 


E(Dg)  =  E(Dj^) 


E{W  (Z  Z  )} 

1  +  _ II _ 2 _ D±i _  +  r 

^  ^  '(II  ^ 

n 


(D.14) 


where  W, „(Z  ,  Z  is  the  sum  of  the  waiting  time  components  of  all 
IZ  n  n+1 

collision-free  information  packets  transmitted  within  the  n-th  period. 
This  waiting  time  is  measured  from  the  transmission  slot  within  the 
n-th  period  to  the  PACK  transmission  slot  within  the  (n+l)-st  period; 


“12  «n' 


nl 


+  (K-1) 


n2 


^nK 


+  (f  +  K^)  +  2T<«^3  + 


+  (K  -  1)  T 


(A)  , 

n+l,K^  ' 


(D.15) 


Applying  Lemma  4,1  to  (D.15)  with  N(Z  ,  Z  ,)  * 

n  n+i  n 

E{W(Z  Z  )}  Kfl  +  rl  1  -  r 

- -  —  =  P  +  K.  +  +  ^-5-^  .  (D.16) 

n 

Substituting  (D.16)  into  (D.14),  multiplying  the  result  by  Tj/ t  and 
adding  1/2 Cn  yields  (D.12). 

Q.E.D. 


Since  the  operating  statistics  of  the  GRA  channel  under  the 

FDA,  FDS  and  PDS  acknowledgment  schemes  are  identical,  the  average 

number  of  information  packet  collisions  per  admitted  message,  E(R^)/ 

E(S^^^),  is  the  same  for  all  three  schemes.  Thus  the  differences 
n 

among  the  delay  expressions  can  be  evaluated  in  terms  of  the  GRA 
structure  parameters.  The  difference  between  the  limiting  average 
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►6 


packet  delay  (data  transfer  delay)  is 


Ki-3 


R'PDS  “'"R'FDA  2?;r 
FDS 


Therefore,  in  general  (i.e.,  ^3), 


(D.17) 


^^°R^FDA  “  ®^VfDS  -  *  (D.18) 

The  average  delay  under  the  PDS  acknowledgment  scheme  Is  larger,  since 
new  message  arrivals  during  the  acknowledgment  subperiod  experience 
an  additional  delay. 

The  differences  among  the  limiting  average  packet  delays  (holding 
times)  are  given  by  the  following  expressions: 


-  '<'>s>rDA 


K  +  P  -  R 


_  (1  +  Cn)[(i  -  C)K  +  (1  +  C)1 
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r/n  ,  A  -  +  C  +  1) 
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end  +  2c)  +  c  +  3 
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(D.20) 
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2  +  e^n 

2en 


(D.21) 
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Therefore, 


^“s'fda  i  ®'Vpds  i  «Vfds  •  <”•”> 

The  FDA  scheme  yields  the  smallest  average  delay,  since  PACKs  are 

transmitted  immediately  following  the  reception  of  collision-free 

Information  packet  transmissions.  Since  the  acknowledgment  subperiod 

precedes  the  Information  subperiod  under  the  PDS  scheme  and  since 

t/d  <  T.,  the  PDS  scheme  yields  a  smaller  average  delay  than  the 
—  A 

FDS  scheme. 

D. 3  Numerical  Results 

The  average  delay  relationships  expressed  by  (D.18)  and  (D.22) 

are  valid  under  the  restriction  c  <  C  <  1  (or  K  “  K) .  With  K  -  P  - 

o  —  —  1 

R  -  12,  for  example,  C  ■  1  when  n  ■  1  and  C  “  5/9  when  n  -  9. 

o  o 

Both  E(D  )  and  E(D  )  Increase  with  Increasing  values  of  C.  The 
S  K 

differences  between  the  limiting  average  delays  evaluated  with 
C  -  5/9  and  c  ■  1,  n  “  9  are 

^^Vc-1  ■  ®%\-5/9  ”  under*  FDA  or  FDS 

0.75  under  FDA 

3.24  under  FDS  . 

Numerical  data  comparing  the  delay  performance  under  the  FDA,  FDS 
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and  I’DS  achemea  are  presented  In  TaMe  P.  1 .  Theae  resiilta  anree  with 
(D.18)  and  (D.22). 

Average  packet  delay  E(D  )  versus  probahlllty  ot  rejection  1’ 

S  K 

curves  for  tl\e  CRA  channel  tinder  the  FDA  and  DPDS  acknowledgment 
schemes  with  K  "  1’  ■  R  "  12  are  shown  In  Figure  D.  1  with  ii  -  1  tind 
in  Figure  D.A  with  n  -  *).  VIhen  n  ■  1,  the  performance  under  the 
DPDS  scheme  is  superior  to  the  performance  under  the  FDA  scheme  for 
all  new  message  arrival  rates  (\).  For  example  with  \  -  0.1,  the 
minimum  rejection  probability  is  *0.0  with  a  corresponding  average 
delay  of  '55  slots  under  the  DPDS  scheme;  under  the  FDA  scheme,  only 
a  minimum  rejection  probability  of  -0.12  with  a  corresponding  average 
delay  of  '64  slots  can  be  achieved. 

Wlten  n  “  *1,  the  performance  under  the  FDA  scheme  is  better  than 
the  performance  under  the  DPDS  scheme  for  small  values  of  V  (i.e., 

\  "  0.05,  O.l).  For  these  small  new  message  arrival  rates,  the  average 
number  of  information  packet  collisions  per  admitted  message  Is  small. 
Thus,  the  FDA  protocol  which  allows  Immediate  acknowledgment  over  the 
acknowledgment  subchannel  yields  the  lower  average  delays.  For  larger 
values  of  X  (i.e.,  \  •  0.15),  the  average  number  of  information  packet 
collisions  per  admitted  message  increases  and  it  becomes  the  di«minant 
term  in  the  delay  expressions.  The  adaptive  acknowledgment  slot 
allocations  under  the  DPDS  scheme  yield  the  smaller  tntmber  of  Inlorma- 
tion  packet  collisions  per  admitted  message  and,  thus,  the  smaller 
delay. 
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